GROUP THEORY

1. PRELIMINARIES

Definition 1.1. A group G is a non-empty set together with an associative binary
operation with respect to which there is an identity element, and every element has
an inverse.

Note. Unless otherwise specified, we will assume the binary operation is multipli-
cation (of some form), and write 1 (or 1¢) for the identity element of G, ab for the
product of elements a and b, and o~ for the inverse of the element @ in G.

We make use of the notation ¢ as the image of z under ¢, where ¢ : G —
H is a homomorphism and z € G. We also apply functions from left to right:
(1,2,3)(3,4,5) = (1,2,4,5,3).

If the binary operation is commutative, that is, if ab = ba for all a,b € G, then
the group is said to be Abelian. (In this case the binary operation is sometimes
assumed to be addition (of some form), and then the identity element is written 0,
or O¢, and the inverse of an element a is written as —a).

Proposition 1.2. If 22 =1 for each member x in a group G, then G is Abelian.

Proof. Suppose z,y € G. Then (acy)2 = 1, implying that xyzy = 1 and since

=t =2,y ! =y, it follows that zy = yz. Thus, G is Abelian. O

If x and y are elements of a group G, then their commutator is the element
x7 1y lzy, and denoted by [r,y]. Note that plx,y] = 1 if and only if 2 and y
commute.

If z is an element of a group G, then the set [z] = {g~'zg | g € G} is called the
congugacy class of x in G (the equivalence class of x under the conjugacy relation).

The cardinality of a group G is called the order of the group, and denoted by
|G|. Also if a is an element of G then the number of distinct powers of a (including
negative powers) is called the order of a, and denoted by o(a) (or |al).

A subgroup of a group G is a subset H of G which under the same binary
operation as (G is a group in its own right. In this case we write H < G. It is
easy to prove that a non-empty subset H of G is a subgroup iff ab=! € H for all
a,be H.

Given a subgroup H and an element a of a group G, the set Ha = {ha | h € H}
is called the (right) coset of H containing a in G. Note that a = la € Ha. Left
cosets aH = {ah | h € H} are defined similarly.

Proposition 1.3. Any two right cosets of a subgroup H of a group G are equal or
disjoint.

Proof. We claim that if « € H, then Ha = H. Suppose a € H. Then a~! € H.
If h € H, then ha=! € H. Consequently, (ha_l)a = h, and so Ha contains H.
Clearly H contains Ha, so our claim holds.

Suppose a,b € G such that Ha N Hb # &. Then there exists h € Ha N Hb. Tt
follows that i = hya and h = hyb for some hy, hy € H. Hence, a = hy *h = hy *hab,
and so

Ha = H(hy 'hob) = (Hhy 'ho)b = Hb.
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There is also a one-to-one correspondence between left and right cosets of H
given by Ha <+ a~1H. The number of distinct right cosets of H in G is called the
index of H in G and is denoted by |G : H|. We have that (G: H) ={Hg | g € H}.

Theorem 1.4. Lagrange’s Theorem. If H < G where G is finite, then |H| divides
G and |G| = |G : H||H]|.

Proof. Suppose H is a subgroup of a finite group G. Then 5 = {Hg | g € G}
partitions G, where |H| = |Hg| for all g € G (since h — hg for h € H has inverse
map by applying g~'). Hence, |G| = 3 . |Hg| = |G| = |G : H||H|. O

Example 1.5. Given a group G, a subset H and an element a of G:

(1) Ca(z) = {h € G | h"'zh =z} is called the centraliser of z in G, and say
that ¢ centralises x if ¢ 'zg = x;

(2) Z(G) ={2€G |29 =9gzVg€ G} =, Calx) is a subgroup called the
centre of G,

(3) Ca(H) = Nyen Calz) = {9€ G |xg=gr Ve c H} is a subgroup called
the centraliser of H in G}

(4) Ng(H) = {g ed | g 'Hg= H} is a subgroup called the normaliser of H
in G, and say that g normalises H if g7'Hg = H;

(5) (a) ={a™ | n € Z} is a subgroup called the (cyclic) subgroup generated by
a in G,

(6) the intersection of all subgroups of G containing H is a subgroup of G,
denoted by (H) and called the subgroup generated by H;

(7) G' = [G,G] = {[z,y] | z,y € G}), the subgroup generated by all commu-
tators x 1y~ 'xy of elements x,y in G, is called the commutator subgroup,
or deriwed group, of G.

Conjecture 1.6. Ore’s Conjecture (1950s). If G is a finite simple group, i.e. only
normal subgroups are {1} and G, then every element of G is a commutator.

The symmetry group of a regular n-gon is a group consisting of n rotational and
n reflectional symmetries, under composition, and is called the dihedral group of
order 2n.

The tetrahedral group T: 12 rotational symmetries of a regular tetrahedron
(Rot(T") =2 A4 and Sym(T) = S4). The octahedral group: 24 rotational symmetries
of a regular octahedron. The icosahedral group: 60 rotational symmetries of a
regular icosahedron.

The group of all permutations of a set X under composition is called the sym-
metric group on X and denoted by Sym(X). If X is finite, of cardinality n, then
we suppose X = {1,2,...,n} and write S,, for Sym(X), and call it the symmetric
group of degree n.

The subgroup of S, consisting of all permutations {1,2,...,n} which can be
written as a product of an even number of transpositions (af) is called the al-
ternating group of degree n, and denoted by A,. For example, (1,3,5)(2,4,6) =
(1,5)(3,5)(2,6)(4,6).

The substitution rule: If o = (p1,...,pr) is a k-cycle in S,, and @ € S, then
(pT,...,p}) is a k-cycle of 0™ = n~'om. For

-1

(7)™ 7" = ()" =i

Corollary 1.7. If o and T are conjugates in S, (i.e. 7 =n"‘om for somen € S,)
then o and T have exactly the same cycle structure (and vice versa).
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Example 1.8. e The general linear group GL(n,F') is the multiplicative
group of all n x n matrices over a field F' with non-zero determinant (invert-
ible, or non-singular matrices), e.g., GL(n,Q); we usually write GL(n, p)
for GL(n,F,) when p is prime.

e The special linear group SL(n, F) is the multiplicative group of all n x n
matrices over a field F' with determinant 1; we usually write SL(n, p) for
SL(n,F,) when p is prime.

e The orthogonal group O(n, F) is the subgroup {A € GL(n, F) ’ ATA = In}
of GL(n, F') consisting of all n x n orthogonal matrices over F.

e The special orthogonal group SO(n, F') is the subgroup {A € O(n, F) | det (4) =1}
of GL(n, F') consisting of all nxn orthogonal matrices over F' of determinant
1; we usually write O(n) and SO(n) for O(n,R) and SO(n,R), respectively.

e The unitary group U(n) is the subgroup {A € GL(n,C) | A*A=1,} of
GL(n,C) made up of all n x n unitary complex matrices (where A* is the
transpose conjugate of A).

e The special unitary group SU(n) is the subgroup {A € U(n) | det (A) = 1}
of GL(n,C) consisting of all n x n unitary complex matrices of determinant
1.

Proposition 1.9. SL(2,2) = S;.

Proof. One can consider members of SL(2,2) to consist of two choices from X =
{(1,1),(1,0),(0,1)} as the rows. That is, all permutations on X. O

A subgroup H of a group G is called normal if Hg = gH for all ¢ € G, or
equivalently, if g71Hg = H for all g € G (so Ng(H) = G). In this case we write
HQG.

o If |G : H| =2, then H < G since H has 2 right cosets H and G \ H;

e If G is Abelian, then H < G for every subgroup H of G.

o H ={(),(1,2)}is not a normal subgroup of Ss, since H(1,3) = {(1, 3), (1,2, 3)}
vet (1,3)H = {(1,3),(1,3,2)}.

If N is a normal subgroup of G, then the set of right cosets of IV in G forms
a group with multiplication defined by (Nz)(Ny) = Nzy for all ,y € G. This
group is called the quotient or factor group of G by N, and is denoted by G/N.
Its identity element is NV and the inverse of an element Nz is Na 1.

Note that |G/N| = |G : N| = 5.

If G and H are groups, then a mapping ¢ : G — H is called a homomorphism if ¢
preserves the group operations, that is, if (acy)d) = 2%y? for all 2,y € G (alternative
notation is (zy)é = (z¢)(y9)).

A group homomorphism ¢ : G — H is

o trivial if g¢p = 1y for all g € G;
a monomorphism if ¢ is one-to-one;
an epimorphism if ¢ is onto;
an isomorphism if ¢ is bijective, in which case we write G = H;
an endomorphism of G if G = H;
an automorphism if G = H and ¢ is bijective.

Given a group G, the set of all automorphisms of G forms a group under com-
position, denoted by Aut (G) and called the autormorphism group of G.

Example 1.10. The following are homomorphisms:
e ¢:G — H given by g — 1p.
e ©:GL(n,F) — F* given by g — det (g).
e ©:7Z — Zy given by a — [a],.
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Theorem 1.11. (Properties of homomorphisms). If 8 : G — H is a group homo-
morphism, then:

(1) 0 is one-to-one iff ker 0 = {1g};

E ; the image A% of any subgroup A of G is a subgroup of H;

(4) the pre-image B of any subgroup B of H is a subgroup of G;

(5) if A is a normal subgroup of G then its image A% is a normal subgroup of
im (6);

(6) if B is a normal subgroup of H then its pre-image E is normal in G.

Proof. Suppose 0 is one-to-one. Then ker § = {g eqG | ¢’ = 1H} has order at most
one. Since (1(;)9 = 1y, kerd = {1¢}. Conversely, suppose ker § = {15} and that
g% = h? for some g, h € G. Then one easily deduces (gh_l)e = 1y, giving us that
gh™! = 1¢. Tt follows that g = h, proving (1).

(2) holds by definition.

Suppose that A < G. Then given any a,b € A%, we get that a = ¢? and b = h?
for some g,h € A. Hence, gh™! € A because A is a subgroup of G. It follows
that (gh_l)e =g’ (h_l)a = ab~! is a member of A?. Moreover, it is clear that A’
contains 1 because A contains 1¢, and so this proves (3).

Suppose that B is a subgroup of H. Then the pre-image of B contains 1g. Say
a, b are members of the pre-image of B. Then a?, b € B, giving us that (ab_1)9 eB
by applying basic group axioms, giving us (4).

Suppose A is a normal subgroup of G. Then g~*Ag = A for each g € G. That
is to say, g lag € A for alla € A and all g € G. Say that a € A% and b € im (6).
Then a = ¢° and b = hY for some g € A and h € G. Hence, h™'gh € A, so
(h_lgh)‘9 = (he)_lgehe € A% giving us that b~ lab € AY. It follows that A? is
normal.

Suppose that B is a normal subgroup of H, and that g € G and b is a member
of the pre-image of B. Then (g_lbg)9 € B can be deduced easily, giving us the
pre-image of B is indeed normal. O

Given a group homomorphism ¢ : G — H, the image of ¢ is defined as {y € H | y
and denoted by im (¢), and the kernel of ¢ is defined as {z € G | x¢ = 1y} and
denoted by ker ¢.

Theorem 1.12. (First Isomorphism Theorem). Let ¢ : G — H be a group homo-
morphism with kernel K. Then K < G and G/K = im (p).

Proof. Suppose g € G and k € K. Then
(g—lkg)‘ﬂ _ (gflk)sag@
= (gfl)“”kwgso
(979 1rg”?
=(97")"¢*,

and we claim that (gw)f1 = (g_l)w, which with this would obviously give us the

desired result. The claim can be easily proved by noting 15 = (ggfl)w = g¥ (971)%2'

Now, we claim ¢ : G/K — im (G) defined by (Kg)” = ¢ is an isomorphism.
We firstly show that 1 is well-defined. To this end, suppose Kg = Kh for some
g,h € G. Then g = kh for some k € K, giving us that

g% = (kh)? = k*h? = h?,

= z¢ for some r € G}
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as desired. Now, v is a homomorphism since
(Kgh)” = (gh)” = g?h? = (Kg)"(Kh)".

We note that ¢ is onto, since given any h € im (G), we have that h = ¢¥ for
some g € G and so one simply takes (K g)w. Lastly, v is one-to-one, since if
(Kg)w = (Kh)w, then g¥ = h¥ implies that gh~! € K. That is, ¢ € Kh and so
Kg=Kh. d

Example 1.13. SL (n,F) < GL (n,F) and GL (n,F)/SL (n,F) = F*.

Proof. Consider ¢ : GL (n,F) — F* given by g — det(g). Then we claim ¢
is a homomorphism with kernel SL (n,F). Suppose that g,h € GL (n,F). Then
det (g) det (h) = det (gh) from Linear Algebra, giving us ¢ is indeed a homomor-
phism. Moreover, it is clear the kernel is the special linear group, so one needs only
apply the First Isomorphism Theorem. O

Also, im (p) =F* =TF \ {0} since

A0 ... 0
01 ... 0
0 0 1

has determinant A.
Example 1.14. Define 0 : S,, — {+1,—1} by

0 1 if 7 is even;
m =
—1 if 7 is odd.

Then 6 is a homomorphism, where ker@ = A,, and im (§) = {+1,—1} = Cy and
hence S,,/A,, = Cs.

Theorem 1.15. (Cayley’s Theorem). Every group G is isomorphic to a group of
permutations on a set of the same cardinality as G.

Proof. For each g € G, let p14 be the right multiplication of G by g (i.e., x — zg).
Then p, is a bijection/permutation, where p,-1 is the inverse of py. If we define
6 :G — Sym(G) by ¢’ = ftg, then 0 is a one-to-one group homomorphism. We have
that (gh)a = [tgh, Where p1g), sends x to xgh. Since pgpp, first sends = to zg, then zg
to xgh, it follows that pgn = pgpn, and hence 6 is indeed a group homomorphism.
Moreover, if p, sends x to itself for each x € G, it follows that g is the identity.
From this, 6 is one-to-one, and so kerf = {1g}. Thus, G = G/{lg} = im (f) <
Sym(G). O

Definition 1.16. Suppose H, K C G. Then we define the product of H and K to
be

HK :={hk |he€ H ke K}.
Lemma 1.17. Suppose H{ K < G. Then HK < G if and only if HK = KH.

Proof. (=) Suppose HK is a subgroup of GG, and that ab € HK for some a € H
and b € K. Then (ab)™' = b la~! € HK, since HK is a subgroup of G. It follows
that b='a~! = cd for some ¢ € H and d € K. Therefore, it follows that

ab = (bilafl)_1 =(cd)'=d ¢t € KH.
Hence, HK C KH.
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Now, suppose that ab € KH for some ¢ € K and b € H. Then b~! € H and
a~! € K, giving us that b~'a™! € HK. Since HK is a subgroup of G, it follows
that (b~*a!)"" =abe HK. Thus, KH C HK and so HK = KH.

(«<=) Suppose HK = KH. Since HK contains the identity 1glx = lglg = 1g,
we know HK is non-empty. Now, suppose that a,b € HK. Then a = h1k; and
b = hoksy for some hy, he € H and k1, ko € K. Therefore,

ab™! = (hik1) (k3 'hy ") = ha(kiks )Ry,

where klkgl € K because K is a subgroup of G. It follows that hy (klkgl) € HK,
and since HK = KH we get that h; (klkgl) = kh for some k € K and h € H.
Hence, as we know th_1 € H because H < G, we get

ab™' =k(hh;') € KH = HK.
Thus, HK is a subgroup of G. O

Corollary 1.18. Suppose N I G and H < G. Then NH <G.
Proof. We have that NH = {J,cy Nh=Upcy hN = HN, andso NH < G. [

Corollary 1.19. If N <G and H < G, then (N,H) = NH.

Proof. NH < G and N, H C NH and any subgroup of G which contains N and H
must contain NH. (]

Theorem 1.20. (Correspondence Theorem). Let G be a group and N be a normal
subgroup of G. Then:

(1) If N < A <G, then AIN < G/N. Furthermore, if A < G then A/N <
G/N.

(2) Conversely, each subgroup H < G/N has the form H = A/N for some
A < G. Furthermore, if H < G/N then A < G.

Proof. Suppose N < A< G. If N <G, then N < A, so A/N exists and A/N C
G/N. Then A contains the identity element of G, giving us that N is a member
of A/N (so A/N is non-empty). Now, if Na,Nb € A/N, then (Na)(Nb)™' =
N(ab™') € A/N. Hence, A/N < G/N. If A is a normal subgroup, and Na € A/N
and Ng € G/N, we get that

(Ng)~'(Na)(Ng) = (Ng~")(Nag) = N (g™ 'ag).

Since A is normal, g~'ag € A, so A/N is normal (proving (1)).

Suppose H < G/N. Then define § : G — G/N by ¢° = Ng. Such a map 0 is
a group homomorphism, so the pre-image A of H must be a subgroup of G. Also,
A% ={Na|a€ A} = A/N,so H = A/N. Since the pre-image of any normal group
is normal, we are done. O

Theorem 1.21. (Second Isomorphism Theorem). If H < G and N < G, then
(NNH)<H and H/(NNH) >~ NH/N.

Proof. Define § : H — G/N by a +— Na. Then 6 is a homomorphism with kernel
{ae H|Nae=N} ={ac€H|ace N} = NNH. Hence, NN H < H, and the
image H/(NNH)~ NH/N. d

Theorem 1.22. (Third Isomorphism Theorem). If K I G and L < G with K <
L, then L/K < G/K and (G/K)/(L/K) = G/L.
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Proof. Let 6 : G/K — G/L be defined by (Ka)’ = La. Then 0 is well-defined
since if Ka = Kb, then La contains Ka and Lb contains Kb (which are both
non-empty) because K < L. It follows that La = Lb, so 0 is well-defined.
Moreover, 6 is a group homomorphism, as K and L are normal subgroups of
G (so the operations are well-defined). Notice that L/K is well-defined because
K < L and K, L being normal implies that K is a normal subgroup of L. Then
ker = {Ka|La=L}={Ka|a€ L} =L/K,givingus L/K < G/K by the First
Isomorphism Theorem. Also, 6 is clearly onto, giving us that (G/K)/(L/K) = G/L
by the First Isomorphism Theorem. O

Example 1.23. Suppose G = Dy = ((1 23 4),(14)(2 3)). Let a = (1 2 3 4) and
b= (14)(23) and N = (a®) = ((1 3)(24)). Note that N 4 G, |G/N| = 4 and
G/N = Cy x Cy. Now, define the following:

S = {l,a, a2,a3} = (a),
T = {1,b7 aQ,baQ} = <a2,b>, and
U= {1,ba,a2,bag} = (ba).
We illustrate this with the following diagram.
G

1

Let = (1 2) and y = (3 4) such that Co x Cy = (z,y). Then this is illustrated
below:

CQ X CQ

Proposition 1.24. The centre Z(G) ={z € G | zg = gz Vg € G} of a group G is
a normal subgroup of G.

Proof. By definition of the identity element, 19 = g = glg, and so Z(G) is non-
empty. If a,b € Z(G), then given any g € G we have that g(ab) = (ga)b = a(gb) =
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(ab)g. Also, ag = ga implies a~lg = ga™?!, so Z(G) is a subgroup of G. Moreover,
if z € Z(GQ) and g € G, then gz = zg implies g~'2g = 2, which clearly means that
Z(@G) is normal. O

Example 1.25. e Z(S,)={1} for all n > 3.
e Z(Dy) = {(13)(24)), which is a group of order 2.
o Z(Qs) = ((12)(3 4)(56)(7 8)).

e |D,|is 1if nis odd and 2 if n is even.

Proposition 1.26. Let G = GL(2,R). Then

7= {(5 %) [acx).

Proof. Suppose M; € Z(G) and M, € G, where
_ (a1 b1
w=(0a)
_ (a2 bg
M, = ( d2> |
Then M1M2 = MQMll

araz +bicy  a1by +bida\ _ (agar+baci  azby + bady
crag +dicy  c1by + didy caay +dacy  caby +dady )

implying that byco = bacy. Since co and by are arbitrary, we could choose by = co =
1, giving us that we must have that ¢; = b;. Moreover, we could choose c; = by +1,
and so clearly for equality we must have ¢; = by = 0. Moreover, a; = d; follows
from this. [l

Proposition 1.27. Suppose x is an element of a group G, and H is a subgroup of
G. Then Cg(z) ={9€ G |xvg=gr} <G and Cg(H) = (,cy Calr) < G.

Proof. Suppose a,b € Cg(x) (note Cg(x) contains 1¢, and so is non-empty). Then

z(ab) = (za)b = (ax)b = a(xb) = (ab)x,
so ab € Cg(z). Also, ax = xa implies za~! = a~ 'z, giving us that Cg(x) is closed
under inverses. It follows that Cg(z) is a subgroup of G. As the intersection of
subgroups is itself a subgroup, we are done. O

Proposition 1.28. Let H < G. Then H A Ng(H)=(9€ G:g'Hg=H) <G.
Proof. Since 1¢ € Ng(H), it is non-empty. If a,b € Ng(H) and h € H, then
(ab) "' h(ab) = (b~'a " )h(ab) = b (a”"ha)b=b"'kb € H,

where k € H. It follows that ab € Ng(H). Inverses are clear, so Ng(H) < G.
Now, suppose that a € H and g € Ng(H). Notice that g~tag € H, by definition,
so H is a normal subgroup of Ng(H). O

Example 1.29. Suppose G = S3. Then G’ = ((1 2 3)) = Z3. Suppose G = Aj,.
Then G' = ((1 3)(24),(1 2)(3 4)) X Zs X Zs.

Definition 1.30. A subgroup H < G is characteristic and write H char G if H is
stabilised - that is, fixed as a set but not necessarily point-wise - by all automor-
phisms of G.

Proposition 1.31. For any group G, G’ char G, where G’ is the derived group.
Moreover, if N < G then G/N is Abelian iff G' < N.
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Proof. Suppose ¢ € Aut(G). Since G' = (X), where X = {[z,y] | 2,y € G},
we need only show X% = X. We have that [z,y]¥ = [z¥,y®]. Since ¢ is an
automorphism, each element has an inverse, and so it is clear X% = X.

Let N <4 G. Suppose G/N is Abelian, and let z,y € G. Then

Nlz,y] = (Nx_l)(Ny_l)(ny) = (Ny_l)(Nx_l)(ny) =N,

giving us that N contains G’. Clearly, this gives us that G’ < N. If on the other
hand G’ < N, then

(Na)(Nb) = Nab = (Nba)(N[b,a])(N|a, b]) = Nba = (Nb)(Na).

Definition 1.32. We say that G is an elementary abelian p-group if
G=2Cpx...x 0,
where C), denotes the cyclic group of order p.

Theorem 1.33. Let G = C, x...xC, (d copies) be an elementary abelian p-group.
Then
Aut (G) =2 GL (d, p).

Proof. We identify G with a vector space of dimension d over GF(p). Observe
that we can regard the elements of G as d-component row vectors with entries
from GF(p) and allow GL (d, p) to act by right multiplication. Note G has a basis

{v1,...,vq}, and that any automorphism ¢ of G has {v{,...,v}} as a basis for G.
Since each of the other vectors are uniquely determined by the basis vectors, one
can associate Aut (G) with a basis for G. O

We say that G is simple if the only normal subgroups of G are G and {1¢}.

Definition 1.34. Recall that for each g € G, the map 0, : G — G defined by
h% = g~ 'hg is an automorphism of G. Automorphisms of this form are called
inner automorphisms. We say that 0, is the inner automorphism induced by g.
The set of all inner automorphisms of a group G is Inn (G) = {0, | g € G}.

Proposition 1.35. For any group G, Inn (G) < Aut (G).

Proof. Certainly Inn (G) C Aut(G), and Inn (G) is non-empty (it contains the
identity). Suppose 0, € Inn(G). Then 6,-1 is the inverse of 6,. Moreover, 0,0y,
sends x — h~'g~lzgh, so 0,05, = ,p. This establishes Inn (G) < Aut (G).
Suppose ¢ € Aut (G) and 6, € Inn (G). Then ¢~ 0, sends = to (g7 1) xg®.
That is to say, ¢~ 10,4 = 04 € Inn (G). Thus, Inn (G) < Aut (G). O

Note. We call Aut (G)/Inn (G) the group of outer automorphisms. Also, G is
Abelian iff Inn (G) = {id}.

Example 1.36. e Aut (C,)? Let G be the cyclic group of order n, say gen-
erated by z. If § € Aut (G), then 6 : x — z* for some ). Since @ is onto,
2 generated G, so ged (\,n) = 1 and so A € U(n). Hence, |Aut (C,)| =
|U(n)| = ¢(n), where ¢ is Euler’s Totient function. Conversely, if A € U(n),
then the maps from G to G given by x* — 2 is an automorphism. Also,
Aut (C),) is Abelian, since (I)‘)H = 2 = (z#)*. In some cases, Aut (C,,)
is cyclic; for example if p is prime then U(p) is cyclic of order p — 1, In this
case, Aut (Cp) = Cp_1. Yet, Aut (Cs) = U(8) ={1,3,5,7} =2 Cy x Ch.

e Let A be an elementary Abelian p-group, where p is prime, (ie., A =
Cp x ... x Cp=(Cp)* for some k or A =7, ® ... ®Z,). Then Aut (4) =
Aut (C’;j) =~ Aut (Z’;) =~ GL (k,p) since every automorphism is given by an

invertible linear transformation of (Zp)k.
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e Automorphisms and symmetric groups: Aj, Az and Sy are trivial. Aut (Sz) &
Aut (Co) 2 U(2) = {1}. Aut(S3)? If 6 € Aut (S3) then it has (1 2 3) sent
to (123)or (132),and so Aut (S3) = S3, Aut (As) = Aut (C3) X U(3) =
Cs.

Theorem 1.37. Automorphism group of S, is isomorphic to S, for alln > 3
except n = 6 (Aut (Sg) twice as big as Sg). We also have Aut (A,,) isomorphic to
Sy for alln > 4 except n = 6, where Aut (Ag) = Aut (Sg).

What is Aut (D,,)? All reflections can be generated by rotations and a single
reflection. Hence, D,, = C,, x Cy, and so Aut (D,,) = Aut (C,) =2 U(n).

Inn (G) = G/Z(G), since ¢ : G — Inn(G) defined by g — 7, is a homomorphism
with kernel Z(G) and is also onto. The factor group Aut (G)/Inn(G) is called the
outer automorphism group of G, and denoted by Out(G).

Example 1.38. (1) Inn(G) = C,/Z(Cy) = C,/C,, = {1} and Out(C,,) =
Aut (C,)/Inn(C,,) = Aut (C,,) =2 U(n).
(2) If A is any Abelian group, then Inn(A) = {1}, and Out(A) = Aut (A).
(3) In particular, Out((Cp)k) >~ Aut ((Cp)k) ~ GL (k,p).
(4) Inn (A,) 2 A, /Z(A,) =2 A, /{1} = A, for all n > 4. Also,

Cy when n > 4 and n # 6;

Out (4.) = {Aut (Ss)/Ag if n = 6.

We also get Inn (S,,) & S,,/Z(Sy) = S, for all n > 3, and

Sn/Sn ={1} when n > 3 but n # 6;
Cy when n = 6.

Out (S,,) = Aut (S,)/Inn (S,,) = {

Note. e Every non-inner automorphism of Sg takes 2-cycles (af) to triple
2-cycles (ab)(cd)(ef) and vice versa.
e Takes 3-cycles (af7) to double 3-cycles (abc)(def).
e Takes 5 cycles to 5 cycles.

Two more things:

(1) A subgroup N of a group G is called characteristic in G if N’ = N for
all automorphisms 6 of G, and we write N charG. Note N is normal if
N? = N for all § € Inn (G).

(2) If H is a subgroup of G, the conjugation by elements of Ng(H) gives a
homomorphism from Ng(H) to Aut (H) with kernel Cg(H). Note g €
N¢(H) we send g — 74 |g. Hence, Cq(H) 4 Ng(H) and Ng(H)/Cq(H)
is isomorphic to a subgroup of Aut (G).

2. GROUP ACTIONS

Definition 2.1. A group action, or permutation representation on a non-empty set
), is a homomorphism 6 : G — Sym ().

Example 2.2. e The trivial representation is defined by 6 : g — 1q for all
g €aqG.
o The regular representation of G' on itself by defined by 6 : g — 4, Where
g is the right multiplication by g. By Cayley’s Theorem, this is an iso-
morphism from G to a subgroup of Sym (G).
e The action in a coset space: If H < G and (G : H) = {Hx | © € G} then
G acts on (G : H) also by right multiplication pg : Hx +— Haxg for all
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Hzr € (G:H). The latter is somtimes called the natural permutation
representation of G on (G : H). Its kernel is

{9yeG|Hzg=Hax Vo e G} ={g€ G | Hrgz™' = H Vz € G}
z{gEG’xgx_leHVxeG}
={g9€eG|gea'HaVz € G}

= ﬂ z 'Hz,
zeG

which is the intersection over all the conjugates of H in G, and is called
the core of H in G, and denoted by Coreg (H).

Example 2.3. Consider G = S3 and H = ((1 2)) = {(), (1 2)}. The conjugates of
H are the subgroups generated by (1 2), (1 3), (2 3) and as they intersect trivially
Coreg (H) = {1}. But if H = Az then 2= 'Hx = H for all z € G since H = A3 <
S3. Therefore, Coreg, (A3) = As. More generally, if H < G then Coreq (H) = H
and vice versa. In fact, Coreg (H) is the largest normal subgroup of G' contained
in H.

Lemma 2.4. |G : Coreg (H)| divides |G : H|!

Proof. Let K = Coreg (H) = ker 6, where 6 is the natural action of G on (G : H).
Then G/K = im (0) < Sym (2), so |G : K| = |G/K| = |im (0)| divides |Sym (Q)| =
n! when n = |Q] = |G : H|. O

Corollary 2.5. If H < G and |G : H| = p, the smallest prime divisors of |G|, then
H<G.

Proof. Let K = Coreg (H). Then |G : K| divides (|G : K|)! = p!, but p is smallest
prime dividing |G|, therefore p — 1, p — 2, ..., 2 is coprime to |G|. Hence, |G : K|
divides p, and since K < H it follows |G : K| > |G : H| implying |G : K| = p.
Hence, H = K < G. O

Let 6 : G — Sym () be a group action on the set . Then

if z € Q then 29 denotes the image of = under the permutation g?;

if v € Q then 2% = {29 | g € G} is called the orbit of x under G;

if € Qthen G, = {g € G | 29 = x} is called the stabilizer in G of x;

NecoGo={9€G |29 =aVoeQ}={ge G |¢’ =1} =kerb;

If ker§ = {1} then 0 is said to be a faithful action. Note that in this

case, G = G/{lg} = G/kerd = im(#). Hence, G is isomorphic to the

permutation group it induces on €.

o If Q = 2@ for some z € €, then for every y € Q there exists g € G such
that 29 = y, and we say that the action 0 is transitive on €.

o If for every ordered pairs (a, 8) and (7, d), distinct pairs of 2, there exists
some g € G such that (a?,39) = (o, B3)? = (v,0) we say the action is
2-transitive on ).

e Similarly define “k-transitive” using the effect of 8 on ordered k-tuples of
distinct pairs of .

e If an action is both faithful and transitive, then we say it is regular. That

is, z¢ = Q and Nycq Ge is trivial.

Proposition 2.6. Suppose G acts on 2 by 0. Then given any x € §Q, the stabilizer
of x in G denoted G, is a subgroup of G.

— —1
Proof. Since  is a homomorphism, 1¢ € G,. If g, h € G, then z9" f = (xg)h =
2" =z, implying gh~! € G,. Note that 2" = z implies z" = 2. O
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Example 2.7. (1) Conjugation: If G is a group, then G acts on itself by
conjugation g — 7,4, where 7, : x + g 'zg. The image is {r, | g € G} =
Inn (@) and the kernel is (), o Ca(x) = Z(G) where G/Z(G) = Inn (G).
If z € G, then

reCG

xG:{x9|geG}

= {gflxg | g€ G}
= conjugacy class of x in G

= im (7,),

and G, = {g € G | g7'wg = 2} = Cg(x) is the stabilizer.

(2) Natural action of G on (G: H), for H < G. Image of this action is
{1g | g € G}, where pg is the right multiplication by g on the cosets of
H in G, and kernel is {g € G | Hrg = Hz Vo € G} = Coreq (H) (i.e., pg
is trivial on (G : H)).

(Hz)® = {Hzg | g € G} = (G : H), so this action is transitive. Also,
Gy, ={9€G | Hrg= Hx} =2 'Hu.

(3) Conjugation of subgroups (say ¢ is a collection of subgroups): g — 7,
where 7, : H — g 'Hg. No particular name of the image. As for
the kernel: {g € G ’ g 'Hg=HVYH € #'} = (\yen Na(H). The or-
bit: HY = {g_ng ’ g€ G} is the conjugacy class of H. The stabilizer:
Gu={9€G|g'Hg=H} = Ng(H).

Theorem 2.8. (Orbit-Stabilizer Theorem). If a finite group G acts on a set S,
then |G| = |Gql|aC] for every a € Q.

Proof. We count the pairs (g, 5) € G x Q such that a9 = 8. On the one hand, for
every g € G, there exists a unique f3, therefore the number of pairs is |G|. On the
other hand, let 3 € a“, say 3 = a” for some h € G. Then

0 =Bl =a e= a9 =a = gh ' € G, = g € Guh.

So, the number of g from given f is |Goh| = |G4|. Therefore, the number of pairs
is |05G||Ga| (since |aG‘ is number choices for 5. Hence, |G| = |aG||Ga|.

Fix a € Q. Then G, = {g € G | o = a} is a subgroup of G. Then a? = o
implies that L — a, giving us that gh™! € G,. Hence, g € G,h, and so
Gog = Guoh iff a9 = a". Therefore, |G/G,| = }aG|, and so the result holds by
Lagrange’s Theorem. O

Example 2.9. Let Q = (G : H) with G acting on Q by right multiplication. If
a = H, then o® = {Hg|g€ G} = (G:H), and G, = {g€ G |Hg=H} =
{9€eG|ge H} = H, so |G| = |G: H||H|. Hence, Lagrange’s Theorem is a con-
sequence of the orbit stabilizer theorem. Conversely, if you take H = G, then
(G: H)=Q (and do more work).

Let G be a finite group acting on itself by conjugation. Then for every x € G,
we have that 2% = {g7'zg | g € G} = [z] is the conjugacy class of z in G. Also,
G.={g9€ G| gtag} = Ca(z) is the conjugates of z in G. So, |G| = |Cq(z)]|[z]|-

Theorem 2.10. (Class equation). If x1,xa,...,2) are representatives of the k
distinct conjugacy classes of elements of the finite group G, then

Gl= > |af|= > |G : Calai)l.

1<i<k 1<i<k
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Proof. Observe G = [x1]U ... U [z], since each element of G lies in exactly one of
the conjugacy classes. Hence,

k k |G‘ k
61= 2 Il = 3 ey = 216+ Cell

A finite p-group is a finite group of order p*® for some s € N.
Corollary 2.11. Centres of a non-trivial p-groups are non-trivial.

Proof. We show that if P is a non-trivial p-group, then Z(P) is also non-trivial.
Observe that

k
[Pl = |P: Cp(x)],
i=1
where x1,xa, ..., xy are the conjugacy class representations, and if z; € Z(P), then

Cp(z;) = P and so |P:Cp(z;)| = 1, and while if x; ¢ Z(P), then Cp(x;) is
a proper subgroup of P. Therefore, |P : Cp(x;)| is a non-trivial power of p, say
r; > 0 (by Lagrange’s). Now, while
Pl= > 1+ > p=1|Z(p)| +pk,
is.t. zz, €Z(P) is.t. 2w, ¢ Z(P)
where k € N. Taking modulo p on both sides implies that |Z(p)| is divisible by p,
so |Z(p)| # L. O

Example 2.12. The number of conjugates of a subgroup of a group G. Let G be
a finite group, and let H < G. Then let G act on €2, the set of all subgroups of G,
by conjugation. Then

|G| = |Cul|HY|
where
Gu={9eG|g 'Hg=H} = Ng(H).
Hence, |H G‘ is the number of conjugates of H, which is
G| |G|
He| = 16 = |G : Ng(H)|.
] |Gul  |Na(H)|

Lemma 2.13. (Burnside’s Lemma). If the finite group G acts on the set 2, with
exactly m orbits, and Fo(g) = {a € Q| a9 = a} is the set of fized points of each
g € G, then

Gl= = 3" Fag)]

geG

Note. We let x(g) = |Fa(g)|, which we sometimes call the permutation character
of G.

Proof. Count in two diffeerent ways the number of pairs (a, g) € Q x G such that
a9 = «. On the one hand, for each o € Q, the number of g is |G| = % by the
Orbit Stabilizer theorem. On the other hand, for each g € G, the number of « is

x(g). Hence,
D Gl =D Ix9)l;

ae geG

1 Go| 1 1
> e = 2 e = 1ar X9 = g X 1Falo)l
[e1<19) geG geG

SO

ael)
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If the orbits are Ay, ..., A,, where A; = o, then each A; has

Z o G| Z |A| Z'||A4| =1
a€A; v
Thus,
1
O

Corollary 2.14. If G is a transitive group on some set ), then there exists g € G
with no fixed points.

3. SYyLow THEORY
Definition 3.1. A p-group is a group if order p® for some prime p and s € N.

Some properties:

e Every subgroup of a p-group is a p-group (apply Lagrange).

e Every quotient of a p-group is a p-group (i.e., |P/N| = | N||’ which divides
IP)).

e If P has prime order, then P is simple, and cyclic. If H < P and H # {1p},
then |H| = |P| = p (prime) by Lagrange, and therefore H = P and so
only subgroups are {1p} and P (implying P is simple). In particular, if
x # 1p € P, then (x) = P, and thus P is cyclic generated by x.

e If P is a non-trivial p-group, then it has non-trivial centre Z(P) by the
Class equation.

Corollary 3.2. If |P| = p? where p is prime, then P is Abelian.

Proof. We know that Z(P) is non-trivial, by the above. Hence, |Z(P)| = p or p? by
Lagrange. If |Z(P)| = p? then Z(p) = P, implying P is Abelian. Finally, suppose
|Z(P)| = p. Then also |P/Z(P)| = p. Hence, both Z(P) and P/Z(P) are cyclic,
and then P is Abelian due to a general property that doesn’t depend on the orders
of |P| and |Z(P)|, which we prove in the proposition below. O

Proposition 3.3. Suppose G is a finite group, with Z(G) and G/Z(G) both cyclic.
Then G is Abelian.

Proof. Suppose Z(G) is generated by € G and G/Z(G) is generated by Ny,
where N = Z(P). Then every element of N is is expressed as x' for some i and
every element of G/N is expressed as (Ny)’ = Ny’ for some j. Therefore, every
element of G is expressed by z'y’ for some 4,j. Since x € Z(G) = N, we have
(chyj) (xkye) = (mkyé) (miyj) by simple rearrangement. Thus, G is Abelian. U

There are three Sylow theorems, which concern the existence and properties of
p-subgroups of finite groups (subgroups that are p-groups).

The first one says that if p® is the largest power of p that divides |G| = p*m for
some m coprime to p, then there exists a subgroup of order p°® in G. This is one case
where the converse of Lagrange’s theorem holds. But the converse of Lagrange’s
theorem does not always hold. If n > 4, A,, has no subgroup of order "ZI (and index
2).

Proof. Suppose the contrary, and H is a subgroup of A,, of order ”Z! = ‘AQ"‘. Then
H has 2 cosets in A,,; H and A,,/H. So, H is a normal subgroup of A, with
A, /H = Cs. Now, every element of order 3 in A,, must lie in H (since there are
no elements of order 3 in Cy by Lagrange). Therefore, A,, cannot be generated by
the 3-cycles, a contradiction. O
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Theorem 3.4. (Sylow’s First Theorem). Let G be a finite group of order p*m
where p is prime and s,m € ZT, with p coprime to m. Then there exists a subgroup
P in G of order p* (called a Sylow p-subgroup of G).

Proof. Let € be the set of all subsets of G of size p°. Then G acts on 2 by right
multiplication:
if T C G with |T| = p® then also Tg C G with |T'g| = |T| = p°.

Also note that

0] = <|G|) _ (p5m> _pmp'm—1)...(p'm—p 4 1)

I » PP =1)...(p° —p*+1)

and is not divisible by p. Since if one term p® — k of the denominator is divisible
by p" (where 1 <r < s), then p” divides p*m — k. So every power of p that divides
the denominator also divides the numerator.

Next, because p does not divide ||, we know that p does not divide the order
of some orbit A of G on € (since the order of Q is the sum of sizes of all orbits).
Suppose A is the orbit containing the subset E of G, i.e., A = {Eg | g € G}, and
let P = Gg be the stabilizer in G of E ({g € G | Eg = E}). By the Orbit-Stabilizer
theorem,

i

|G| = |Ggl|EC| = |P|A] = p°m,
yet |A] is not divisible by p, implying that | P| is divisible by p*. But also P = Gg
acts on E by right multiplication (as Eg = FE for all ¢ € P), and if 2 € E then
P, ={g € P|zg=x}={1}. Therefore, by the Orbit-Stabilizer theorem

|P| = |Py||2F] = |2
Therefore, every orbit of P in F has size |P|, so p° = |E| equal to the union of
orbits of P in E which is sum of these sizes of |P|. So p® is a multiple of | P|. Thus,
|P| =p®, and P < G, so P is a Sylow p-subgroup of G. O

Theorem 3.5. (Sylow’s Second Theorem). Let G be a finite group of order p*m
where p is prime and s,m € Z*, with p coprime to m. If P is a Sylow p-subgroup of
G, and Q is any p-subgroup of G, then Q < x~'Pzx for some x € G. In particular,
all Sylow p-subgroups of G are conjugate to each other (i.e., equality takes place).

Proof. Consider the group action of Q on the orbit A = E¢ where E is a subset of
G of size p°. By the Orbit-Stabilizer Theorem, each such orbit has size a power of p.
Also, we chose A (in the proof of Sylow’s first theorem) such that |A| Z 0 mod p.
So at least one of the orbits of ) on A must have size 1 (as |A| is a sum of powers
of p, but not divisible by p). Therefore, ) must fix some members of A = E¢,
say E, (where g € G). Therefore, Q < Stabg(E,) = g~ 'Stabg(E)g = g~ 'Pg.
In particular, also if R is any Sylow p-subgroup of G, then R < h~'Ph for some
h € G. Hence, we get R = h~'Ph (by comparing orders). Therefore,

Q<g 'Pg=ua""Ra,
where # = h~!g € G. The rest follows easily. O
Theorem 3.6. (Sylow’s Third Theorem). Let G be a finite group of order p*m
where p is prime and s,m € 7T, with p coprime to m. |Sylp(G)‘ is the number of

Sylow p-subgroups of G is a divisor of |G|, and is congruent to 1 modulo p. In fact,
if we define n, = |Sylp(G)|, then n, = |G : Ng(P)| for every P € Syl (G).

Proof. By Sylow’s second theorem, G' acts transitively by conjugation on Syl, (&)
(i.e., if @, R € Syl, (G) then there exists z € G such that @ = 2~ Rz). Therefore,
by the Orbit-Stabilizer theorem,

|G| = |Gpl|[PE| = [Na(P)||Sy1, (G)| = [Na(P)|n,,
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so n, divides |G| and n, = %.

Now we prove the first part. Let A1, As, ..., A; be the orbits of G on  (under
right multiplication). If S € A;, then let x € S, and we have 1g = zx7! € Sx~! €
S = A;. So now choose E1, Es, ..., E; € Ay, Ag, ..., A; (respectively) such that
lg € E; and define P; = Stabg (E;) = Gg,. Next, for any say y € P, we have
E;y = E;, and therefore y = 1gy € E;y = F;. Hence, P; = E;. And conversely, if
P; = E; then |E;| = |P;| = p® so P; € Syl,, (G). Thus, P; € Syl,, (G) iff P, = E;.

Also, if x € E;, and g € P, = Gg,, then xg € E;g = E;, and therefore P; C F;.
Hence, E; is a union of left cosets of P;. In particular, |E;| is a multiple of | P;| (equal
to the size of each such coset). Therefore, |P;| divides |E;| = p°. In particular, P;
is a p-subgroup of G. Moreover, by the Orbit-Stabilizer theorem,

G| = |Gr,||ET| = IB||A,
SO
A = @ _|G:P|= m‘ ?fPi € Syl,, (G), or equivalently P; = E;;
|| p"im if P; ¢ Syl, (G), where r; > 0.

It follows that
t

Sm

(pps ) = Q] =[A1UA UL UA | = |A;] = nym + pk,
i=1

where k € Z, since the number of A; of size m is equal to the number of Sylow

p-subgroups (of which there n,,), and the rest are of size multiple of p. Hence,

S
(ppln> =n,m mod p.

Now, this equivalence holds for every group G of order p*m. In particular, it holds
for the cyclic group of order p*m, which has only one subgroup of each possible
order, and hence only one Sylow p-subgroup. Thus,

S
npyMm = (ppzn) =m mod p,

and so (n, —1)m =0 mod p. But pt m (by hypothesis) and consequently n,—1 =
0 mod p and rearranging yields n, =1 mod p, as desired. (|

Corollary 3.7. Cauchy’s Theorem. If G is a group of order divisible by p, then G
has at least one element of order p.

Proof. Let P € Syl, (G), which exists by Sylow’s first theorem, and is non-trivial.
So take any non-identity element 2 € P, then the order of z is a power of p (by
Lagrange), say p* where k > 1. Then y = 2"~ has order p. O

Example 3.8. If G is a group of order 15, then G is cyclic.

Proof. n3 =1 mod 3 and ng | 15, so ng € {1,3,5,15}, yet clearly 3,5,15 do not
satisfy this so ng = 1, and similarly holds for n5; = 1. Hence, G has 1 element of
order 1, 2 elements of order 3, 4 elements of order 5, and rest 8 elements have order
15 (so G is cyclic). O

Proposition 3.9. If G is a group of order pq where p, q are primes such that p < q,
then G has a normal subgroup of order q. Hence, G is not simple.

Proof. ng | pg, so ng =1,p,q or pg. But n, =1 mod g, so ng # p, ¢, pg (not equal
to p since p < q). Therefore, n, = 1. Hence, there exists only one Sylow ¢g-subgroup
and this must be normal in G (or every conjugate of a Sylow g-subgroup is a Sylow
g-subgroup and equal to Q). O
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Proposition 3.10. If G is a group of order p>q where p and q are distinct primes,
then G cannot be simple.

Note. Burnside’s p®¢? theorem says even when o > 1 and 8 > 1, the result holds.

Proof. First, n, =1 mod p and n,, | ¢, therefore n, = 1 or 1. Assume n, = g (then
g > p), and note if n, = 1, then G has a normal subgroup of order p? (implying G
is not simple). Hence, G has ¢ subgroups of order p?.

Next, n, = 1 mod ¢ and n, | p? implies n, = 1, p or p?. Assume n, # 1
(for otherwise we are done). Then n, = p or p?, and n, # p since p # 1 mod ¢
(we have ¢ > p). Hence, n, = p*>. So, we have p? cyclic subgroups of order g.
Any two such subgroups have trivial intersection (since ¢ is prime). Therefore, we
have p?(q — 1) = p*q — p? elements of order ¢ in G. This leaves p? other elements
in G, and they must lie in a Sylow p-subgroup of order p?. Hence, n, = 1, a
contradiction. O

Proposition 3.11. If G is a group of order pqr, where p,q,r are distinct primes,
then G cannot be simple.

Proof. Without loss of generality, suppose p < ¢ < r. Then n, | pgr, so n, €
{1,p,q,r,pq,pr,qr,pgr}. But also n, =1 mod r, implying n, # p,q,r, pr,qr, pqr,
so n,- is 1 or pq. Suppose n, = pq, for if n, = 1 the result follows. Hence, there
are pq subgroups of order 7 in G (and also pg > r). Any two such subgroups have
trivial intersection (since r is prime). Therefore, we have pq(r — 1) = pgr — pq
elements of order r in GG. This leaves pq other elements of G.

Similarly, nq | pgr, so ng € {1,p,q,7,pg,pr,qr,pgr}. But also ny; = 1 mod g,
implying ng # p, q, pq, qr,pqr, so ng € {1,7,pr}. Suppose ng = r, so that G has r
subgroups of order ¢ in G. Then r(q¢ — 1) = rq — r elements of order q. O

Theorem 3.12. (Frattini Argument). If K is a normal subgroup of G, and P €
Syl, (K), then G = Ng(P)K (where G is finite).

Proof. First, K C G and Ng(P) C G, therefore Ng(P)K C G. Conversely, if
g € G, consider Q = g~'Pg. (Then Q is a Sylow p-subgroup of G). Then Q <
g 'Kg = K and |Q| = |P| implies Q € Syl, (K). So, by Sylow’s second theorem
we get Q = 2 'Px for some x € K. Hence, g~'Pg = @Q = z~'Pz implying
xg 1 Pgx~! = P, so gr~! € Ng(P). Hence, g = (gx_l)m € Ng(P)K. Thus,
G = Ng(P)K. O

Theorem 3.13. If P € Syl,(G), then if No(P) < H < G, then H is self-
normalizing (i.e., Ng(H) = H). In particular, we get Ng(Ng(P)) = Ng(P).

Proof. Suppose Ng(P) < H < G. Then H < Ng(H), so we show Ng(H) C H.
Let g € Ng(H), so that g-'Hg = H. Then since P < Ng(P) < H, we get that
g 'Pg < g-'Hg = H. Therefore, g~ Pg is a Sylow p-subgroup of H. Therefore,
g 'Pg = 271 Px for some z € H (by Sylow’s second theorem). Once again, we
get g~ 'Pgr~! = P so that gr=! € Ng(P). Therefore, gr=! € H and so g =
(9z~')x € H, and hence Ng(H) C H implies Ng(H) = H. O

4. FINITE ABELIAN GROUPS

4.1. Direct Products.

Definition 4.1. Ezxternal direct product;
G=MxN={(z,y) |r€ M,y € N}

with component-wise group operation.
Internal direct product; if M <G, N <G and G= M x N.
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T copies

Direct powers; if M is a group, then M"™ = M x M x ... x M.

Theorem 4.2. If M and N are normal subgroups of G such that G = M N and
M NN ={lg}, then

(1) [M,N] ={1lg}, i.e. M commutes with N, {[z,y] |x € M,y € N} = {1lg};
(2) G2 M x N;
(3) G/M =N and G/N = M.

Proof. If x € M and y € N then [r,y] = 27y~ lzy, where 71,y tay € M (since
M is normal) and 2~ 'y~ !z,y € N (since N is normal), implying that [x,y] €
MnNN ={1g} (proving (1)).

Define 6 : G — M x N as follows: if g € G, then g = zy for some z € M and
y € N (since G = MN) and we may set ¢’ = (z,y). This is well-defined, since
if zy = g = wv (where z,u € M and y,v € N) then we get v~ 'z = vy~!, where
ulz € M and vy~ € N. Hence, u 'z =vy~t € MNN = {lg}, giving us u =
and v = y (so well-defined).

Next, 0 is a homomorphism (easy, since [M, N] = {1¢}). Also,

ker ={g€ G| g=oy withz =1y and y = 15} = {1g}.
Hence, 6 is an isomorphism. Moreover,
{(@,1x) | 2 € M}, {(1ar,) | 2 € N} C im (0)

implying
{(z,y) |r€e M,y N} =M x N

and so G 2 im (0) 2 M x N (proving (2)).

Composing 6 with the projections mp; : M x N — M (taking (z,y) — ) and
7N : M x N — N (taking (x,y) — y) we get homomorphisms 0.,, : G — M with
image M and kernel N, and 0., : G — N with image N and kernel M. Therefore,
G/M = N and G/N 2 M. O

Proposition 4.3. If A, B and C are normal subgroups of G such that AB = AC,
then B =C.

Proof. Observe that AB = AC implies AB = CA, so that B C ABA™! = C.
Similarly, C € ACA~! = B, so B =C. O

Theorem 4.4. If G2 M x N, then G' = [G,G]| 2 M' x N and Z(G) = Z(M) x
Z(N).

Proof. Let 8 : G — M x N be an isomorphism. Restricting 0 to Z(G) obviously
preserves commutativity. Similarly, one restricts 6 to G'. O

Theorem 4.5. If n = mymy ... my where the m; are positive integers, then C, =
Cmy X Cpy X ... X Cpy,. iff the my; are pairwise coprime.

Note. For example, Cy x C3 x Cg, but Cs x C5 is not cyclic since every element has
order 1 or 5.

Proof. C,, = Cpyy, X Chpy X ... X Oy, iff the RHS has an element of order n =
mimsg ... my. But if z; has order r; (in C),,) for 1 < i <k, then (x1,22,...,25) €
Cmy X Cpyy X ... X Cyy, has order LCM(ry, ..., 7). Therefore, has order n iff
LCM(ry,...,7,) = n. Hence, Cpp, X Cpy X ... X Cpy, is cyclic (of order n) iff
LCM(myq,...,my) = n iff the m; are pairwise coprime. O
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Theorem 4.6. (The Chinese Remainder Theorem). If my,ma,...,my are pair-
wise coprime positive integers, then for any integers ri,ra, ..., 7, (where 0 < r; <
m; for all i), there exists an integer s such that s =r; mod m; (for all1 <i <k),
i.e., any set of remainders (modulo the m;) is achievable.

Note. For example, m; =6, mo =5, 71y =3 and ro = 1 has s = 21.

Proof. Let n = myms ... my (which is equal to the lowest common multiple of the
m;). Define 6 : Z,, = Zpyy ® ... D Ly, by letting 0 : v — (v7,...,7T;) where T; is
the remainder of v up to dividing m;. This is a homomorphism with trivial kernel,
since

ker ={veZ,|v=0 modm,; Vi}={veZ,|v=0 modn}={0}.
So, 6 is one-to-one. Therefore, n = |Z,| = |im ()|, but
| Zy ® ... ® Ly | =My ...y =

Hence, 0 is onto, implying any (r1, ..., %) is achievable. O

Theorem 4.7. If the finite group G has exactly one Sylow p-subgroup for every
p | |G], then G is the (internal) direct product of its Sylow p-subgroup.

Proof. Observe

e Every Sylow-subgroup is normal in G (because it is unique for the corre-
sponding prime p, using Sylow’s second theorem);
e Any two Sylow subgroups have trivial intersection (because for P € Syl (G)
and Q € Syl (G) we get PNQ is a p-subgroup and a g-subgroup for primes
p and ¢, that is, |P N Q| is a power of p and power of ¢, implying it equals
1.
Thus, G = direct product of its Sylow subgroups (and any group with this property
is called Nilpotent). O

For example, finite abelian groups are nilpotent.

4.2. Abelian groups.

Definition 4.8. The exponent of a finite group (not necessarily Abelian) is the
lowest common multiple of the order of its elements.

Example 4.9. e exp (C,) =mn;
e exp () = 6
o exp (Sy,) is the lowest common multiple of the divisors of n! for n > 3.

Theorem 4.10. Let G be a finite Abelian group.

(1) If exp (G) = m, then G has an element of order m.

(2) If |G| = mn where m and n are coprime, then G =2 M x N where M =
{reG|am=1} and N={z e G| z" =1}.

(3) G is nilpotent.

Proof. Write m = mymsy ... my as the prime powers factorisation of m. As m is
the LCM of the orders of elements of G, there exists x; € G with o(x;) = m; for
each 1 < i < k. Now, x = x1x2...x has order mims ... my = m, since any two
x; commute and two m; are pairwise coprime (proving (1)).

Define M and N as given. Then M < G (using the fact G is Abelian). Moreover,
M is normal in G (since G is Abelian). Similarly, N < G. Also, M and N intersect
trivially, since the order of any element of M N N divides ged (m,n) = 1. Finally,
we claim G = MN. Let € G. Then o(z) divides |G| = mn by Lagrange, and so
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o(z™) divides n and o(z™) divides m. Also, gcd (m,n) = 1. Therefore, 1 = am+bn
by Bezout’s Theorem, implying

T = l‘l _ xam+bn _ mbnxam _ (xn)b(mm)a c MN,
so G C M N, where 2™ € N and 2™ € M. Therefore, G = M x N. O

Theorem 4.11. Let G be a finite Abelian group of prime-power order q¢ = pF
(where p is prime) and exponent m, and let x be an element of G of order m. Then
G = (z) X K, for some K <@G.

Proof. Since G is Abelian, every subgroup is normal. Since G has exponent m and
prime-power order p¥, it follows m divides p* by Lagrange. Hence, m = p° for some
0 < s <k (ie., () is a cyclic p subgroup of G). Consider

K:{gEG‘gpkfszl}.
Clearly K contains the identity, so K is non-empty. Also, if g,h € K, then since G
is Abelian, it follows that gh=! € K (i.e., K is a subgroup of G).
. L pF—s
Then g € K N (z) implies g = z* for some 4 such that (xl)p = 1. Clearly g
has order at most p°, and is a power of p. O

Corollary 4.12. Ewvery finite Abelian group of prime-power order is (isomorphic
to) to a direct product of cyclic groups.

Proof. O

Lemma 4.13. Let G be a finite Abelian group of prime-power order. If G =
HixHyx... xH, and G = K1 xKyx...xK,, where each H; and each K; is a cyclic
subgroup of G, and also |Hy| > |Ha| > ... > |H,| and |K1| > |K3| > ... > | K|,
then r = s and H; =& K; for all i.

Proof. O

Theorem 4.14. (Fundamental Theorem of Finite Abelian Groups). Ewvery finite
Abelian group is expressible as a direct product/sum of cyclic groups of prime power
order (also, this product/sum is unique up to rearrangement of the cyclic subgroup).

Proof. O

Corollary 4.15. Finite Abelian groups are converse Lagrange groups, i.e., there
exists a subgroup of every possible order dividing the order of the group.

Note. For example, Cg x Cg x Co5 has order 8 x 9 x 125, and want a subgroup of
2 x 9 x 5, simply take Cy x Cg x Cs.
As has no subgroup of orders 5, 12 or 30.

5. PRESENTATIONS

Example 5.1. We have

(z]2°=1)
is the largest group generated by an element x such that 26 = 1. There are four such
groups: C1,Cs,C3, and C, and since Cg is largest, Cg = (x| 2% =1). Observe
C1,C5,Cs are all quotients of Cg. Note that Cy = (z |z =1), Cy = (z |22 =1)
and C3 = (z | 2% =1).

As a second example, G = (z,y | 2? = y* = 1) has Cy,C, C3,Cs as quotients,
but also S5 and A4 as a quotients (for Ss take (1,2) and (1,2,3), for Ay take
(1,2)(3,4),(1,2,3). Also, A, and S, for all n > 9. Note that G is infinite and
isomorphic to PSL(2,Z) = SL(2,Z)/{£I}.
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A group presentation is of the form (X | R) where members of X are generators
and R are relations the generators must satisfy. A free group is a group with “no
relations” (other than consequences of the group axioms). That is, we use notation
(X[ 2).

5.1. Free Groups. Let X be a set, and consider it as a set of symbols (for example
X = {z,y} or {a,b,c} etc.), which we call an alphabet. Also let X! denote the
set of symbols of the form z~! for x € X. We define a word on X U X! as an
expression of the form z{'...xz* where x1,...,2; € X and each ¢; € {£1} (note
we let x! denote x for any x € X). We say this word has length k.

For example, if X = {a,b, c}, we have these words (among others):

e empty word, length 0, sometimes denoted by 1;
o a,b,c,a !, b~ !, ¢! words of length 1;
e aa,ab,ac,aa”t, ab=t ac™1, ba, ... words of length 2 (of which there are 36).

Next, we say a word w = x7' ... x}* is reduced if

€; €it1 €4 —€;
(25, 2 ) # (2 27)
for all 7. That is, if it is not the case that x; = x;41 and €; = —¢; 41 for some 1.
For example, ab~'c is reduced, but aa~'cabac™'c is not.

Lemma 5.2. Any word can be reduced to a (unique) reduced word by eliminating
€it1

subwords of the form x?miH with ©; = x;41 and €; = —€;41.
Proof. By equivalence relation that says whether two words can be transferred to
each other by reduction or its reverse. O

Given an alphabet X, the free group F(X) is the group consisting of all reduced
words on XUX ~!, and the following operation: if u, v are reduced words on XUX ~!
then uv is the reduced form of wwv.

For example, (ab‘lc) (c‘lbab) = ab lec bab = aab.

Is this a group? Yes:

Non-empty set, since 1 € F(X);

Binary operation, well-defined by uniqueness of reduction;
Has identity element 1 (empty word);

Associative (in assignment 2);

. €1 ex\—1 _  —eg
Inverses: (z{'...z") =z, .

—e
oy

Note: there are no relations in this group except the ones obtained by the re-
duction. Some notation:

e The rank of F(X) is | X| (typically rank in group theory is the number of

generators);
e If | X| = n, then F(z) can be denoted by F,, i.e., F, is the free group on
{l’l,. .. 7.’I,'n}.

Define F,, = F(X) = F(z1,22,...,2%n) when X = {z1,22,...,2,}. Then F; =
F(l,x,x’l, .. ) = (X) is infinite cyclic.

Fy = F(z,y) = {l,z,x’l,y,y’l,xy,...}. This is also infinite, but not cyclic,
not even Abelian as zy # yx.

F5 = F(z,y, z) contains F(x,y) which contains F(x) and F(y). But also Fj3 is
isomorphic to a subgroup of Fy (which is isomorphic to a subgroup of F3) but not
equal.

Question: which elements of F(X) have finite order? For example, F} & (Z,+)
has only one element of finite order namely 0 under addition. Then if X # &,
then the only torsion element of F(X) is the identity element (i.e., element of finite
order).
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Proof. Let g be an element of finite order in F(X). Suppose g # 1. If we can write
g = b 'ab where a and b are reduced words, then bgb~! = a and will also have
finite order. So, wlog b = 1. But then a"™ = aa...a with no reductions possible,
where RHS is reduced and LHS is 1. Therefore, 1 iff n = 0 in which case o(a) = 1.
Therefore, a is 1p(x), so g is 1p(x). We say F(X) is “torsion free” (meaning that
it contains no non-trivial element of finite order). O

Definition 5.3. If B is a set of elements in F'(X) such that (B) = F(X) and the
only reduced word in BUB™! that is equal to 1p(x) is the empty word, then we call
B a free basis for F(X). In other words, the elements of B satisfy no non-trivial
relations, then B is a free basis for F'(X), and vice versa.

Example 5.4. {z} and {#7'} are the only free basis for F(z). Note (z') # F(z)
when |i| # 1. And also, (2?,2%) = F(z), but also (x2)3(x3)72 is a reduced word
on {z? 2%} giving us the identity element of F/(z) (so not free basis).

{x,xilyx} is a free basis for F(z,y) since y = x(m’lyx)xfl, and also taking
u=gx,v =2 'yr we have

uFroft L uFrott = ghilyfighe o gkegfrg £1

Theorem 5.5. (The Universal Property of Free Groups). Let X = (x;),.; be any
alphabet indexed by a set I. Then for any group G, finite or infinite, if (gi);c; is
a family of elements of G indexed by the same set I, then there exists a unique
homomorphism 0 : F(X) — G with the property that 0 : x; — y; for alli € I.

€k

Proof. Obvious, just define 6 as follows: if w = 2§} ... x;* where i; € I and ¢; €

{#£1}, then 0 : w— g;! ... g;*. O
We have that the diagram commutes:

T; = T;
x 2 P(X)

G

Theorem 5.6. F(X) = F(Y) iff | X| =1Y].

Proof. Let X = (x;);c; and Y = (y;),c ;-
(<) If |X| = |Y], then we may assume w.l.o.g. that I = J. Hence, define 6 :
F(X) — F(Y) given by x;! ... 2" mapping to y;! ...y;*. This is an isomorphism.
(=) (Finite) Suppose |X|=m and |Y| = n. Then, by the Universal Property,
m

with say G = Co x Cy X ... x Co, if g = (91,92, .. .,9m) is any element of G, then
there exists a unique homomorphism from F(X) — G taking (z1,22,...,2m) —

(91,92, ---,9n). Note there are 2™ choices for g, therefore there are 2™ such homo-
n

morphism. Similarly, there are 2" such homomorphisms from F(Y) to Cy x Co X ...
but none onto (C2)™ . If m < n, then F(Y) will have some such G that is not
a homomorphic image of F(X), since every homomorphic image of F(X) has rank
< m. With some homomorphic image of F/(Y') have rank n > m. For F(X) = F(Y)
via p (assume m < n) then p? is a homomorphism from F(X) onto (Cy)". Every
homomorphic image of F(X) is generated by the images of the z;, therefore has
rank < m, while F(Y) has smallest generating set of size m (where n > m).

X CQa
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(Infinite) Let’s assume cardinals are linearly ordered and WLOG suppose | X| <
|Y|. Now, define G as the group of all “Y-tuples” (ay)yey where a,, = £1 for all

y € Y, under component-wise multiplication. Then |G| = 2Vl > 21Xl and G has

rank |Y|. By a standard argument, using “basis” tuples e, = (ay),cy withay = —1
if y = z and a, = 1 otherwise. Then G is a quotient of F(Y') but not of F(X).
Therefore, F(X) % F(Y). O

Corollary 5.7. Every group is a quotient (factor group) of some free group.

Proof. Let (gi);c; be a generating set given group G and apply the Universal Prop-
erty of Free Groups, noting that 0 is surjective (since (g;),.; generates G). For
example, we can take I = G, and then (g;),.; is just the family of every member
of G. Or instead take I = G\ {1¢}, so get every non-trivial element. O

Corollary 5.8. If G is a free group, and B is any free basis for G then G = F(B).

Proof. Suppose G = F(X), where X = (v;),.;- Then B = (b;),c; and by the
Universal Property of Free Groups, there exists homomorphisms 6 : G — (G)
taking g; to b; for all i € I. Conversely, (B) is free on B, therefore (B) = F(B) and
there exists a homomorphism ¢ : (B) — G taking b, to g; for all i € I. Clearly 6 and
¢ are natural inverses, therefore 0 is an isomorphism and so G = (B) = F(B). O

5.2. Group Presentations. Let X = (2;);.; be an alphabet, and let R be a set
of words called relators on X. The notation (X | R) is going to mean the “largest”
group G that can be generated by a set (g;);c; such that when each occurrence of
any element z; € X in any word r € R is replaced by g; € G then we can get the
identity element G (will formally define soon).

Example 5.9. G = (x| 2"). G could be any cyclic group where generator g
satisfies the relation g™ = 1. Therefore, G could be the cyclic group of order k for
some k dividing n. But we want the largest one, therefore G = C),.

G = <:v, y |k y™, [z, y]> So G is generated by a pair of commuting elements x
and y of orders dividing k and m. So G has largest such group, therefore G = C}, x
Cm 272y ®Zy,. Note if k = 2 and m = 6 then also Cy, Csy, C3,Cg = Cy x C3,Coy x Cy
possibilities, but all smaller than Cy x Cg.

Note. If G = (X | R) = (R)"®) then there exists homomorphism 6 from F(X) to
G taking z; to g; for all ¢ € I. Question: What is the kernel of 87 If K = ker6,
then F(X)/K = im (0) = G by the First Isomorphism Theorem. Therefore, G =
F(X)/K. This gives a way of defining G = (X | R). How? Clearly K contains R
because 6 : r — 1¢g for all r € R. Since G = (X | R) is to be the largest group
generated by a set of elements satisfying all r € R, it follows that K is the smallest
normal subgroup of F'(X) containing R. Called the “normal closure” of R in F(X).

Definition 5.10. If S is a subset of a group G, then the normal closure of S'in G
is the smallest normal subgroup of G containing S (therefore equals the intersection
of all normal subgroups of G that contains S). We denote this normal closure by
G
(5)7.
For example, let G = Coy = (c). Normal closure of {c*, %} = (c?) since
2 =cb (64)_1.
Theorem 5.11. FEvery group G has a presentation.

Proof. Let G be any group.
(1) Let (gi);¢; (or just (9),c¢) be an indexed set consisting of the elements of G.
Let X = (.’El)

;c1 be a corresponding alphabet, and define R = {mixjxlzl ‘ 9ig9; = gk in G}.
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Then there exists 6 : F(X) — G taking z; — g; for all i € I. Clearly, R C ker6
and so <R>F(X) < kerd, and its not hard to see that any word in F(X) that gets
taken to 1 under 6 can be expressed as a product of elements of the form given
by the definition of K. In fact, R determines the multiplication table for G.

(2) We know that G is a quotient of some free group, say F'(X), and so G =
F(X)/K for some normal subgroup K of F'(X). So take R = K and then since K <
F(X) we know that K = (K)"®) = (R Therefore, G = F(X)/(R)"®) =
(X | R). O

Example 5.12. We have already seen cyclic groups. We provide some other ex-
amples.

(1) Dihedral groups D,, is symmetry group of regular n-gon with n rotations
and n reflections such that |D,| = 2n. We claim that

Dy = {z,y | 2 y", (xy)")

viax = (1,2)(3,n)(4,n—1)...and y = (1,2,3,...,n). For example, n =5
we get = (1,2)(3,5)(4) and for n = 6 we get x = (1,2)(3,6)(4,5). So,
zy = (1,3)(2)(4,n) ..

Proof of claim: Flrbt, it’s easy to see that D,, is a quotient of the group
G = <a:,y | 22,9y, (xy)2> because it contains elements satisfying the re-
lations (with x as a reflection of order 2 and y as a rotation of order
n). Also, these elements generate D,, since there exists n powers of y
(19,92 ...,y"" ") and n elements (z,zy,zy?,...,2y"" '), and no xy’ lies
in (y) for otherwise x € (y) which is impossible. Thus, |G| > |D,| = 2n.

On the other hand, consider elements of G itself. We see that G contains

powers of y, namely 1, y,y?,...,y" ! with y™ = 1, even if we don’t yet know

these elements are distinct. Similarly G contains z, 2y, zy?, ..., 2y" ! even
if we don’t yet know that these are distinct.
Claim: Every element of G lies in one of these two lists. Why? (asy)2 =1
in G, therefore zyxr = y~! and so yr = 2~ 'y~ = zy~!. Now take any ele-
ment w of G we can we can write w as x*1yA! ... 2%y where o; € {0, 1}
and 3; € {0,...,n—1} (since 22 = 1 = y"). In fact we can suppose
1 =ay =a3 =... = qy, since otherwise cancel, and similarly that 5 €
{1,2,...,n—1}fori=1,2,...,k—1. Thus, w = z® ySrayP2a ... cyP—12y°.
But y?z = y#lyz = yP 1oy~ = 2y~ 7 for all B > 1. By induction there-
fore we can write w as z%y" for some u,v € Z and then replace u by 0
or 1 and v by 0,...,n — 1 respectively. Hence, |G| is at most 2n implying
|G| < 2n, so |G| =2n =|D,|. Thus, G = D,,.

(2) G = (z,y|z* y* 2?y? y~'zyx). Then same kind of argument in (1) shows
that every element of the two group can be written as "y where u,v €
{0,1,2,3} (smce y~tryx = 1 therefore yr = 7 1y). So has order at most
16. Also, 22 = (y2)71 =y~ 2 = 92, therefore we can reduce further say that
u € {0,1} and v € {0,1,2,3}. For example, 23y? = za?y? = gyv+? mod4
and x2y” = y?y? = yv+2 mod4 55 |G| < 2 x 4 = 8. What quotients does
G have? C1, Cy, Cy x Oy all work, Cy does not.

“Rabbit out of a hat” Define Q < Sg by letting a = (1,2,3,4)(5,6,7,8)
and b such that b=tab = (5,8,7,6)(3,2,1,4) = a~ !, so b= taba = 1. Can be
checked @ is a quotient of G since a*, b*, a?b? is trivial. But also |Q| > 8
since |@)| is divisible by o(b) = 4 but a ¢ (b) and so |Q] > 2 x4 = 8.
Therefore, |G| = 8 = |Q|, so G = @ where @ is Qg called the quaternion
group of order 8.
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These two examples are typical of an approach that often works to figure out which
group is known group determined by a given presentation:

(1) Use the presentation G = (X | R) to work out properties of G, and get a
bound of the form |G| < m.
(2) Find a known group of order m that is a quotient of G.

Next time, use “coset enumeration” on

<x,y |2? =y = (ay)° = 1>
and
<w,y |a? =y = (ay)* = 1>~

Example 5.13. Let G = <x,y | xz,y3,(xy)3>, and H = (y) in G and consider

cosets of H in G. First, Hy = H = Hy ! sincey € H. Also, 2% = 1 so we’ll consider

multiplication of right cosets Hg by # = 271, y and y~!. Next, (Hz)x = Ha? =

H1=H and (Hzy)y = Hxy? = Hey™'. Also, (Hzy )y~! = Hzy ? = Hay.
We have not yet used (zy)® = 1. Observe that

1

Hayx = Hryzyzyy 'z~ 'y~' = H(zy)’y oyt = Hey™?

since (xy)3 =1 and y~! € H. We now have the coset table:

|z y y!
H:1 2 11
Hx:2 1 3 4
Hxy:3 4 4 2
Hry=1':4]3 2 3
Can get Hrxyx = Haxy~' another way:
x .Yy . x .Yy . x .y

1.2 .3 .74 2 .1 .1

Gives 3z = 4, i.e., Hryr = Hry ',

So now have all cosets. Finally, as we know G acts transitively on the right coset
space (G : H), it follows that |G : H| = |(G : H)| < 4. If we multiply any of the four
cosets we get one of the four cosets. Thus, |G| = |G : H||H| < 4x3 =12. Next, A4
is a quotient of this group. The coset table now gives permutations z = (1,2)(3,4),
y = (1)(2,3,4) and these generate A4 of order 12. Hence, |G| > |A4| = 12 and so
|G| = 12 implying G = Ay.

Note. Exercises: Read examples 5.3.3 on Qs, 5.3.9 on Sg, 5.3.10 on F(2,5) = C5
(a Fibonacci group), 5.3.11 on group order 16.

A group is finitely generated if G = (S) for some finite subset S C G. A group
G is finitely presented if G = (X | R) for some finite set X and some finite set R
of words on X. Note: Every finite group is finitely generated G = (G) and finitely
presented G = (G | “multiplication table”).

Theorem 5.14. (Von Dyck’s Theorem). If G = (X | R) and K = <S>F(X) for
some S C F(X), then G/K =2 (X | RUS).

Proof. Let L = (R and let M = (RUS)"™. Then K < M and L < M, and
all of M, K, L are normal in F(X). So,

(X | RUS) = F(X)/(RU )" = F(X)/M = (F(X)/L)/(M/L) = (F(X)/(R)"™) /(M/L) = G/,

since K 2 M/L (exercise). See also Theorem 5.3.7 in coursebook. O
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Example: Cio = (z | 2'2), Cy = (x| ") and C12/(Cya) = Cy.

Theorem 5.15. If G is any group generated by two elements of order 2, then G is
dihedral (two sided).

Proof. Suppose G is generated by (a,b) where a®> = b? = 1, and suppose o(ab) = n.
Let ¢ = ab. Then

a'ca=a"laba =ba=>b"a"" = (ab)"' =c.

Therefore, G = (a,c) with a®> =c¢" =1 and a~lca = c¢7L.
Conversely, if 22 = y™ = 1 and 2~ lyx = y~ !, then (x,y) is also generated by
x and xy where (ﬂcy)2 = zyxy = ¢ 'yzy = y~ 'y = 1, therefore generated by 2
elements of order 2. Thus, D,, =& <x,y | 22, y",:r:yxy> = <a, b|a%b?, (ab)”>. O

More exercises:
(1) Show that if p is prime, then every group of order 2p is either cyclic (Cyp)
or dihedral (D,). Hint: the group has a cyclic normal subgroup N of order
p; two cases, p = 2 and p odd.
(2) Show that if p and ¢ are primes with p < ¢ then every group of order pq is
either cyclic or generated by two elements x and y such that 27 = y? =1
and r~lyx = y* for some k. In this case, N = (y) is normal in the group

G with N = C, and G/N = C,.
5.3. The Modular Group. Note that (X | R) with |X| > |R| is infinite, whereas
if | X| < |R] it is not necessarily finite since <:c,y | 22,42, (zy)", [x,y}9> is infinite.

Note. PSL(2,7) is highly infinite - it is “residually infinite” and it is “SQ-universal”
i.e., every countable group occurs as a subgroup of some quotient of PSL(2,Z).

We will show (z,y | #%,y%) = PSL(2,Z) = SL(2,Z)/Z(SL(2,Z)) = SL(2,Z)/{pm1}

starting with SL(2,Z). In SL(2,7Z), the elements L = (1 (1)) and U = (é 1)

are called transvections (generally a transvection in SL(n,R) is a matrix of the
form I,, + E;; where E;; is the (4, j)th elementary matrix with 1 in (4, j)th entry

, (1 0\ (10
and zeroes everwhere else). Observe L® = =19 1

11
10 1 0 1 k
k _ : -1 _ N k _
Lk = (k 1) for all k € Z, since L™ = (_1 1>. Similarly, U* = (O 1) for
all k € Z.

), and by induction

Proposition 5.16. SL(2,7Z) is generated by X = ((1) _01) and Y = (01 1)

Proof. First note that X2 = —I, and Y? = (:} (1)), so Y? = —I,. Therefore,

1 0

Xt=Y%=1I,,and X2=Y3=—1,. Also, YX = <1 1

((1) }) U,

Next, [Defn] for any A = (CCL

>:LandY2X:YL:

Z € SL(2,Z), let N(A) = |c| (norm of A). We

claim every A € SL(2,7Z) can be written as a word in the alphabet {X,Y}, i.e.,
SL(2,Z) = (X,Y) (since X,Y € SL(2,Z)). This will then prove the proposition.

So, proof of claim: By induction on N(A). If N(A) = 0, then A = (8 Z) with
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1 b

1 = det(A) = ad, so a = d = £1. Either A = (0 1

> = Ut = (v2X)" or

a=d=—1so

A= (_01 b1> — (é Eb) — U= —(v?X) " = X2 (v2x) "

Now, (inductive step), suppose N(A) = |¢| > 0. Trick: Divide a by ¢ to get
a = qc+r for some g € Z and r € Z with 0 < r < |¢|. Then

- 1 - a—qc b—qd
2\ T A _ pr—a 4 — q q q
(V2X) "A=U A_(O 1)( e b )

Therefore,

ovv-a24_ (0 =1\ fa—qgc b—gqd\ _ —c —-d \
X(v*X) A_<1 O)( c d " \g—qc b—qd =B

with N(B) = |a—qd| = |r| < |¢|. Therefore, by induction B € (X,Y) and so
A= (YQX)qX_lB € (X,Y). Thus, SL(2,Z) generated by just two elements. [

Corollary 5.17. SL(2,Z) is generated by L and U.
Proof. We know YX = L and Y2X = U. Therefore,
V= (Y2X)(vX) '=UuL?
and .
X=Y'L=UL") =LU'L.

Therefore, (L,U) = (X,Y) = SL(2,Z). O

In fact, SL(2,Z) is generated by its transvections, for all n > 2. What about
presentations?
Theorem 5.18. SL(2,Z) = (z,y | 2> = y®,2' = 1) = F (which is isomorphic to
(zylat =y° =1,2>=9")).
Proof. For this, we define the set

T = {(i Z) € SL(2,7)

Easy to see T is closed under multiplication:

a b\ [(d V\ _[(ad +bd ab +bd
(c d) <c’ d’) o (ca'—i—dc’ cb'—i—dd’)
with ab’ +bd’ > V' + b and ca’ + dc’ > c+ ¢, so follows it is in T. We know that
X and Y satisfy X2 = Y? = —I, and X* = I, therefore SL(2,7Z) is a quotient
of F. Indeed, there exists a homomorphism 6 : F' — SL(2,Z) taking = — X
and y — Y. Let K be the kernel of 8. We’ll show K is trivial by assuming the
contrary, i.e., assuming that some non-trivial element g of F' is taken by 6 to Is.

Since 22 = y3 = z, for some z, z is central (commutes with = and y) we can write
g as z%w where o € {0,1} and w is a word on {:L', Y, y2}. Conjugating if necessary,

aZl,bZO,cZO,le,b+czl}.

we can suppose g = z" (yz)®! (y2x)t1 o (yx)tm (yzx)tm where r = 0,1,2 or 3, each
s; > 0 and each t; > 0. Applying 6, X" = (Y X)™ (Y2X)" ... (Y X)™" (Y2X)""

! 0>€TandY2X_(1 1

; 0 _ _
since g = I,. But YX = <1 1 0 1

> . Therefore, RHS

lies in T, so X~" € T. But X~ ! = (_01 (1)> ¢T, X?=X=-L¢T,

0

-3 _ —
X —X—<1

-1 . . .
0 ) ¢ T, a contradiction, unless m = 0. But in this case,
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g=2a"+— X" sor =0 and hence g = 2° = 1. Hence, kerf is trivial and we have
an isomorphism. O

Corollary 5.19. (z,y | 2?,y®) = SL(2,Z)/{+1,} = PSL(2,Z).

Proof. Apply Von Dyck’s Theorem with PSL(2,Z) = (z,y | 2?y~3,2*)/(2?) which
is isomorphic to (z,y | #%y~3, x4, 2%) = (z,y | 22, ¢°). O

Corollary 5.20. SL(2,Z) = Cy x C3, which is the free product of (z) = Cy and
(y) = C35 (i-e., no other relations except ones from Cy and C3).

5.4. Residual finiteness. Given a group “property” P (such as being finite, or
being Abelian, being a p-group etc.), we say G is residually P if it has the property
for every non-trivial element x € G, there exists a normal subgroup N < G such
that

(1) x ¢ G, and
(2) G/N has property P.

G is residually-finite iff there exists a finite index normal subgroup N <1 G such
that © ¢ N (so that the image of x in G/N is non-trivial) i.e. iff G has a finite
quotient in which the image of x is non-trivial.

Aside: A group is virtually P if it has a subgroup H of finite index such that H
has property P (e.g., virtually abelian means there exists an abelian subgroup of
finite index). Maths joke: Finite groups are virtually trivial.

Theorem 5.21. Every free group is residually finite.

Proof. Trivial for free groups of rank 0 (Fy = {1} vacuously holds) and rank 1
(Fy & (Z,+), if n € Z, then for any m > n, the subgroup mZ is normal in Z
and does not contain n, since n is not multiple of m). Hence, we may suppose
F = F(X) with |X]| > 1.

We'll prove that F' is residually finite by showing that if = is a reduced word on
X of length n > 2, then there exists a homomorphism 6 : F — S, 11 such that
2% is non-trivial and therefore = ¢ ker 6 (where K = ker § of finite index dividing
(n+ 1)! by using first isomorphism theorem since |F/K| = |im (#)| which divides
|Sn1] = (n+1)1).

Suppose z = z! ...zY" , where each ), € X and ¢; = £1 for 1 <7 < n. For any
Ain {Aq, ..., A}, say A = \;, choose a permutation o in S,,41 such that j7* = j+1
if ()\j,Gj) = ()\2» ].) = ()\, ].) and (] + ].)UA = ] if ()‘jvej) = ()\17 —1) = ()\7 —].) NOW,
let 0, = 0y, ...0x, When x =z} ...z5". Then

12 DY,

true whether ¢, = £1. Thus, 0, : 1 — n + 1. Therefore, o, is a non-trivial
permutation. Finally, define 6 : F(X) — S,41 by letting § :  — o,. Then 0 is a
homomorphism, and = ¢ ker 6. O

Corollary 5.22. In any free group F(X), the intersection of all subgroups of finite
index is trivial.

Proof. Let J be the intersection of all subgroups of finite index in F'(X) and suppose
g € J. If g # 1p(x), then there exists N <t F'(X) such that |F(X) : N| is finite and
g € N, since F(X) is residually finite. But now by definition of J, we know that
J < N (since N normal subgroup finite index). Therefore, g € J < N,s0g € N, a
contradiction, so g = 1p(x). Then, J = {1F(X)}. O
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6. ABELIAN GROUPS

6.1. Free abelian groups. G, Abelian: z1, ..., x, elements of G. Then

-
Z m;x;, m; € 7.
i=1
Basis for G: generating set X for GG such that any two finite sequence of elements of
X the only way to express 0 as linear combination is to take all m; = 0. If Abelian
group has a basis, we say free Abelian.

Example 6.1. Z" = @ ,Z, x € Z™ where x = (a4, ...,a,) each a; € Z. Basis for
Z"is e = (1,0,...,0), ..., e, = (0,...,0,1). Then {ey,...,e,} is basis for Z".

Theorem 6.2. FEvery finitely generated free Abelian group G is isomorphic to Z™
for some n.

Proof. {x1,...,x,} basis for G. Define map ¢ : Z" — G mapping (mq,...,my) —
>oi_; miz;. Claim ¢ is an isomorphism. O

Definition 6.3. The rank of a free Abelian group is the cardinality of its basis
(and note that it is an invariant).

Lemma 6.4. H <Z". H has generating set of cardinality at most n.

Proof. Induction. Let N = (e;) < Z". Define ¢ : Z™ — Z"/N as canonical
homomorphism. Observe Z"/N = Z"~1. Consider p(H) < Z"~!. By inductive
hypothesis, ¢(H) has generating set at most n — 1. Suppose y1,...,yn—1. Take z;
such that p(z;) =y; for 1 <i<m, H=(x1,...,Zm,Tm+1), of NN H. O

Representing subgroups of Z™. H < Z" implies H has say m < n generators.
Represent H as m X n matrix A whose rows generate H. Define S(A) as the set
of all integral linear combinations of rows of A. These are the vectors uA where u
ranges over Z".

Task: decide membership in H. To do this, use row operations.

Definition 6.5. Two matrices over Z are row equivalent (RE) if one can be trans-
formed from on to the other via integral row operations: interchanging rows, mul-
tiply row by —1, add integral multiple of one row to the second.

Lemma 6.6. A row equivalent to B implies S(A) = S(B) implies H remains fized.

Proof. B is obtained from A via row operations, so rows of B contained inside
of S(A), and therefore S(B) C S(A). Similarly, S(4) € S(B) and so S(A4) =
S(B). |

Definition 6.7. A € M,,x»(Z) is in (row) Hermite form if

(1) first r rows of A are non-zero;

(2) for 1 < i < r let j; be index of first non-zero entry row i. Then require
<2 <...<7p.

(3) Ajj, >0for1<i<r.

(4) 1<k<i<r, Ak,ji < AiJi'

Theorem 6.8. B m X n integral matriz. There exists unique matriz A in Hermite
form which is row-equivalent to B.

Example 6.9. For example,

2 1 5 0 -2 1 -1

A lo3 12 4 0 2

“loo 0o 4 7 1 8|
00 0 0 0 2 5
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take v = (6,0,16,6,4,13,31) and v € S(A). Does there exist a,b,c,d such that
such that uA = v? Take u = (a,b, c,d) € Z*. Compute entries of uA corresponding
to that of A without pivot entries: 2a =6, a+3b=0,2b+4c =6, a+c+2d =13
implies (a,b, ¢, d) equals (3,—1,2,4).

Example 6.10. G = Z* = (g1, 92, 93, 91). H = (g1 + 293 + 94,391 + g2 + 295 — 91, =21 + g2 + 4g4).
Then

1 0 2 1 1 0 2 1
A=|3 1 2 —-1|—>|0 1 45 = Bv = Tg; + 693 — 3g4.
-2 1 0 4 0 0 8 10
So, v = (7,0,6,—3). Does there exist u such that uB = v, u = (a,b,¢)? (7,0,—1)B =

vsov € H.

G = {g1,...,9n) Abelian written additively. f : Z™ — G where (aq,...,a,) —
Z;L:l a;g; is a homomorphism. By first isomorphism theorem, G = Z"/H, where
H = ker f.

Note. G free Abelian group with basis X. H any Abelian group. Every map from
X to H has unique extension to a homomorphism from G to H. If the image of X
generates H then the homomorphism is onto, and H isomorphic to quotient of G.
Every finitely generated Abelian group is a quotient of a free group. H < Z"
implies H is finitely generated. Represent H by matrix A such that H = S(A).

Example 6.11. f: Z° — Zo®ZyDZ12BZ? where (a, b, c,d, e) — ([a]a, [b]4, [c]12,d, €),
and H = ker f is all vectors (a,b,c,d,e) where 2| a,4|b, 12| cand d = e = 0. So,
2
H = S(A) and Z5/H = 7y ® Zy © Z1o ® 72, where A = 4 . This
12 0 0
is an example of Smith-Normal form.

Definition 6.12. Two m x n matrices A and B are equivalent over Z if one can be
obtained from the other by row and column operations. Equivalently, there exists
P € GL(m,Z) and Q € GL(n,Z) such that A = PBQ.

Lemma 6.13. If A and B are row/column equivalent, then Z™/S(A) = Z"/S(B).
Note. Column operations correspond to automorphisms of Z".

Definition 6.14. A is in smith normal form if for some k > 0 the entries d; = A;;
for 1 < i < k are positive and d; | d;y1 for 1 <4 < k and all other entries zero, so
dq 0
da

dy,
0 0

Lemma 6.15. If A is an n X n matriz in smith-normal form and s =n — k, then
Z")S(A) 274, ® ... ZLg, DLS.

Theorem 6.16. (Basis Theorem). Given finitely generated Abelian group G, there
exists kyn > 0 and d; > 2 for 1 < i <k and d; | dis1 for 1 < i < k such that
G=Z4g, ®...0Zg4, Z° where s=n —k. The k,n and d; are determined by G.

Corollary 6.17. G finitely Abelian group, G = C,,, ®...®C, _ whereny,...,n, > 1
and n; | njpq for1 <i<r-—1.

For example, G = 04 X 04 X 04 X 03 X Cg = 04 X 012 X CSG-
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Lemma 6.18. G group, G' < G. H = G/G' is abelian. N < G, G/N Abelian if
and only if N > G'.

G/G' is largest Abelian quotient of G. Question: G = (X | R), what is G/G’ =:
Gap? Structure of Ggp?
Remark: G = (X | R) and C = {[z;,z;] | 1 <i < j <r}, where | X|=r.

Lemma 6.19. G’ = C.

Proof. Suffices to prove G’ coincides with normal closure C' of C' in G. Since
generators of G, = (X | R,C) = G/C all commute, Gy is abelian, so G’ C C.
But G’ < G. Since C is smallest normal subgroup of G containing C, implies
G'>C andso G' = C. O

G — Ga/S(A), A goes to smith normal form of A . Read off Gy, = G/G.
For example, G = <:z:,y | (xy3172)2,y’1x2y2>. G/G' ={z,y|...,...,[x,y] = 1),
so G/G" = (x,y | =2z + 6y, 2z + y).

Also, H = ((—2,6),(2,1)) < Z? and B = ((1) 104>. A= <‘22 ?) S(A) = H.

Now, Z2/H = 72/S(A) = 72/S(B). P = <:§ ;) and Q = (f __161> both
in GL(2,Z) gives us PAQ = B.

2 2 =2
Example 6.20. G = <x,y,z | (myzfl)Q, (xflyzz)Q, (xy*22’1)2>. A=1-2 4 2
2 -4 =2

goes to diagonal entries 2,6,0. So, G/G" = 7y X Zg X Z, so infinite group.

Definition 6.21. The deficiency of G = (X | R) is Def(G) = |X| — |R|, not
invariant since consider (z | 2?) = (z | 2%, 2%).

Lemma 6.22. If G = (X | R) where X, R finite and G finite then |X| < |R).

Proof. If |X| > |R|, then can show certain rows in smith normal form are zero,
implying G/G’ is infinite and so G is infinite (a contradiction). O

7. NORMAL STRUCTURE

A subnormal series of a group G is a finite series of subgroups
G=Gy>Gi>...>G. =1

where G; < G;_q for all 1 <i <.

For example, S3 > A3 > 1. Also, Sy > V = ((12)(34),(13)(24)), V > U =
((12)(34)) and U > 1.

Given

G=Gy>...>pG,. =1
=Hyp>...> H, =1,
we say the subnormal series are isomorphic if there exists one-to-one correspon-

dence between sets of non-trivial factor groups G;—1/G; and H;_;/H; such that
the corresponding factors are isomorphic groups.
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For example, taking G = (Y, consider the following.

Cs Cs
Zs Zs

Cs Cy
Zs Zs

1 1

Lemma 7.1. (Butterfly Lemma). Let A, B< G, X <A andY < B. Then
(1) X(ANnY) < X(ANB);
(2) Y(XNB)<Y(ANB);
3 X(ANB) ~ Y(ANB)
(3) X(ANY) — Y(XNB)"

Proof. Since ANB < A and X < A, follows X(AN B) < A. Similarly, ANY < A
and X < A, so X(ANY) < A. It follows that X(ANY) = (ANY)X. Since
X(ANY)C X(ANB), follows X(ANY) < X(AN B). Moreover, AN B < B and
Y < B implies ANY < AN B. Now, this means elements of AN B commute with
ANY and X, and X absorbs elements from itself; it is easy to check (1) holds ((2)
similar).

Now, we show §Eﬁ2€; = (Am}é)rzgmB)' Since AN B < A and X < A, it follows

X(ANB) < A. Moreover, X < X(AN B), so by the second isomorphism theorem
it follows that m > ;}gg By the third isomorphism theorem,

H _ H/N;
NiNy  NiN3/N,

for Ny,N; <« H, H = ANB, Ny = ANY, N; = X N B. Hence, rxa5(xnyy i
AnBNX(AﬂB)

isomorphic to a quotient of =7 = =5 . Therefore, there exists ¢ : % —
%. Claim: kerp = w. Hence, by first isomorphism theorem,
ﬁgﬁgg; >~ (Xﬁg?(imY)' Now, repeat with Y and B and deduce second half (proving
(3))- O

N B)

X(ANY) \AmB
AN
/

/
AN

XN

N
N
N
N
N

S
)

J(ANY)

oy
~
D)
b
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Theorem 7.2. (Schreier). Any two subnormal series of G have isomorphic refine-
ments.

Proof. Let
G=Gy>...> G, =1
=Hyp>...>H,=1.

Construct refinement of the first by inserting between G;_1 and G; for each ¢ the
following:

G = Gi(Gi_1 n H()) > Gi(Gi—l N Hl) >...D> Gi(Gi—l N Hs) =G;.

By the Butterfly Lemma, G;(Gi—1 N H;) < G;(Gi—1 N Hj_1), so we obtain refine-
ment of length rs. Carry out similar refinement for the second series by inserting
between H;_; and H; the series

Hj_l = Hj(Hj_1 n Go) > Hj(Hj_l N Gl) >...D> Hj(Hj_l n G,) = Hj,
so we obtain refinement of length rs. By the Butterfly Lemma,
Gi(Gioa NHj)  Hj(Gia N Hj1)

Gi(Gi,lﬂHj) - Hj(Giﬂijl) ’

d

Note. Natural next step: refine subnormal series to obtain one which cannot be
further refined, which is called a composition series.

Theorem 7.3. (Jordan-Holder). In a group with a composition series, every com-
position series is isomorphic to the other.

Proof. Apply the refinement theorem to two composition series. O
Lemma 7.4. Any composition factor of a group is a simple group.

Proof. Suppose G;/G;41 is not simple. Then there exists N/G;11 < G;/Git1, S0
there exists N <1 G; such that G;11 < N < G; (contradiction). O

Given finite group G of {G;/Git1 |1 < i <r} set of composition factors of G
(composition series G = G > ... > G, = 1).

For example, Zy v.s. Zs X Zy and S3 v.s. Zy X Z3 (S5 non-Abelian and Zy x Zs
Abelian).

Lemma 7.5. A simple abelian group is cyclic of prime order.

Note. A composition factor of a finite abelian group is cyclic of prime order.
Proof. Take G simple abelian group. Let  # 1 € G. Then (z) < G. Also,
(x?) < (z). If 22 =1, then G = C; else (2?) < G. G simple, so x € (x?) implies
x = 2" for some n. Therefore, |z| < co. Let p | |G|. Apply Cauchy implies there
exists H < G such that |[H| = p and H < G so |G| = p (since G simple). O

Example 7.6. G = S, > Ay > Co > 1. Composition factors, (Z3)®, (Z3)',
subnormal G; 1 < G;.

Definition 7.7. Normal series if G; < G for all i. Note we will refine normal series
to obtain chief series (similar concept to composition factors).

Example 7.8. G = (Z,+) has no composition series. Suppose G has a composition
series 1 = G, < Gr_1 < ... << Gog = G. Then G,_1 = (z*) for some s € N, where
G,_1 infinite cyclic. Then 1 # <x23> < Gy_1, so could extend (contradiction).
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8. SOLUBLE GROUPS

Often we define soluble group as one all whose composition factors are abelian
(implies cyclic of prime order).

Definition 8.1. A normal series for a group G, G =Gy >G> ...> G, =118
abelian if G;/G;41 is abelian for 0 < i < r. Note G,, < G.

Definition 8.2. A group is soluble if it has an abelian normal series. Note all
abelian groups are soluble.

Definition 8.3. The derived series of G is the descending series of subgroups
G =G GV, .., G" =1 where GitY) = [G® GD)] for each i > 0. Note
GWY = [G©,GY] = [G,G] =G

Example 8.4. G = 5,, G' = Ay, V = ((14)(23), (12)(34)) = Zg x Zo, 1 is such a
derived series.

Lemma 8.5. Let G be a group. Then
(1) G char G.
(2) GO /GEHD s abelian.
(3) Let 1 = G, < Gpo1 < ... < Gy = G be an abelian (normal) series. Then
G < @, for eachi=0,...,n.
Proof. Recall N < G, G/N abelian iff N > G’. For (1), G = G’ char G. Proof
by induction, G < G and GOV = [GW), G| = (G(i))/. Hence, G /GU+D) s
abelian. This finishes (1) and (2).
For (3), induction i = 0. GU+1) = (G(i))/ < G} < Gy (so derived series is an
abelian normal series). O

Example 8.6. G = 53 > G’ = A3 = ((1,2,3)) > G? = 1.

Theorem 8.7. The following are equivalent:

(1) G is soluble;
(2) G has subnormal series where G;/Giy1 is abelian.
(3) G has derived series (i.e., exists n such that G™ = 1).

Proof. ((1) = (2)). By definition.

((2) = (3)). G;/G;+1 abelian implies G, < G;+1. Use induction to deduce that
GHHD < Gpyy. GW) < Gy implies GFH < (GW)' < @ < Gyt

((3) = (1)). Derived series is abelian normal series. O

Definition 8.8. If G(™) = 1 and n is smallest such integer then G has derived
length n, denoted di(G) = n.

For example, G is abelian implies dI(G) = 1.
Corollary 8.9. G soluble iff exists n s.t. G = 1.

Corollary 8.10. G soluble. Then dI(G) is minimum length of abelian normal
series for G.

So, G has a composition series and G;/G;1 is abelian implies cyclic implies G
is soluble. G has an abelian normal series implies soluble which is equivalent to G
has derived series. Note G soluble implies G’ < G (in fact, G’ characteristic in G).
Yet, G’ # G, since otherwise each of the terms in a proposed ‘derived series’ would
be equal to G (and so would not terminate). If G = G’, we say G is perfect.

Theorem 8.11. Subgroups and factor groups of soluble groups are soluble.
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Proof. Suppose H < G. G is soluble implies G(") = 1 for some r. But H") < G("),
so H") =1, implying H is soluble.

Suppose N <1 G, ¢ : G — G/N. Observe ¢(G®) = (G/N)P. a0 =1
therefore implies that its image (G/N)(l) =1, so G/N is soluble. O

Theorem 8.12. Let G = Gy > ... > G, = 1 be a composition series. Then G 1is
soluble iff G;/Gi+1 has prime order.

Proof. (<=) Suppose G;/G;+1 has prime order. This implies G;/G;+1 is abelian,
and hence G} < G;41. Hence, G") < @, =1, implying G is soluble.

(=) Suppose G is soluble. G;/G;y1 is soluble by applying previous theorem
twice (first on G;, then noting G;+1 < G;). But they are composition factors and
hence simple, so implies they are abelian giving us they are cyclic (G’ < G). Thus,
they have prime order. O

Lemma 8.13. G/N, N soluble for some N < G implies G is soluble. Moreover,
di(G/N) = s and dI(N) =t implies dl(G) = s + t.

Proof. G/IN =Go/N1>...> Gg/N=1and N =Ny >...> Ny = 1. G; contains
Gs =N. G; 9 Gy for 1 < i < s. Since G;/N < G;_1/N, by correspondence

theorem obtain G,;_1/G; is abelian. By third isomorphism theorem, Gé;}j/VN =

G;-1/G; where LHS abelian implies RHS abelian. Take G = Go > G > ... >
Gs_1 > Ngy... > Ny = 1, which is an abelian normal series for G. Hence, G is
soluble. 0

Note that N <« G and G/N both having properties, does not imply in general
that G has said property. Take G = S3 and N = Ag, one finds Az cyclic order 3
and Ss/As cyclic order 2, yet Ss is not cyclic. So both cyclic/abelian not general
true. Also, simple not true either: take G = Zg and N = Zs. Then G/N = Z3 and
N both simple, yet G is not. Good counterexamples are As, Sy, Ay, S3, As.

Theorem 8.14. Direct product of a finite set of soluble groups is soluble.

Proof. G = G1 x G4, both G1, G4 soluble. Then G, soluble and G; <1 G implies
G/G1 = G4 soluble, so G is soluble. O

Note. Infinite direct product of soluble groups not necessarily soluble (find coun-
terexample).

Definition 8.15. A finite abelian p-group is elementary if every element of G has
order dividing p (for e.g., (p,p,...,p) for G = (Zp)d for d > 1).

Definition 8.16. A chief series is a normal series G = Gg < ... < G, = 1 such
that each chief factor G;/G;41 is a minimal non-trivial normal subgroup of G/G41.
This is equivalent to there exists no subgroup N < G with G; > N > G;11. We
write {G;/Git+1 | 0 < i < r} as sequence of chief factors.

Note. Chief series can not be further refined. For example, A4 —V —1 has A4/V =
Zs3 and V/1 = 7y X Zs is elementary abelian p-group.

Chief factors need not be simple. Any two chief series have isomorphic refine-
ments.

Lemma 8.17. Let N be a minimal normal subgroup of a group G, and assume N
is finite and soluble. Then N is elementary abelian p-group for some prime p.

Proof. N > 1, N soluble implies N’ < N. Recall given a group G and N < G,
K < N < G with KcharN implies K <1 G (in fact characteristic). Hence, N’ < G
implies N/ = 1 implies N is abelian. Let p | |[N|. A= {x | 27 = 1}. Claim: A < N,
since N abelian. AcharG and N < G implies A << G implies A = N. O
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Corollary 8.18. FEwvery chief factor of a finite soluble group is elementary abelian
for some prime p.

Definition 8.19. G is characteristically simple if its only characteristic subgroups
(i.e., fixed by automorphisms) are 1 and G).

Lemma 8.20. FEvery chief factor of G is characteristically simple.

Proof. Let G;/G;i4+1 be a chief factor. Suppose K/G;11 characteristic in G;/G;41.
Therefore, K/G;11 < G/Gi41 implies K <1 G (a contradiction). O

Theorem 8.21. A finite characteristically simple group G is a direct product of
isomorphic simple groups, i.e., G = G1 x ... x G,, where G; = G finite simple.

Theorem 8.22. Let M < G be a maximal proper subgroup, where G is finite
soluble. Then |G : M| is a prime power.

Proof. Let L be maximal among normal subgroups of M. Then L = Coreg(M).
L < G by definition, let K/L be a chief factor of G. Choose K such that K/L
minimal normal in G/L. K > L, K < G and therefore K £ M implying KM > M.
Yet M is maximal, so follows KM = G. Therefore, |G : M| = |K : K N M|, where
RHS divides | K : L| by second isomorphism theorem which is a prime power, since
K/L is a chief factor of a finite soluble group. Thus, |G : M| is a power of a
prime. (|

The above requires soluble hypothesis. For example, A5 has 3 conjugacy classes
of maximal subgroups: these have indices 5, 6 and 10.

Definition 8.23. G is supersoluble if it has a chief series with cyclic factors. Not
every soluble group is supersoluble. For example, S5 is supersoluble, yet A4 is not
supersoluble (one of its chief factors is Zg X Zs).

9. NILPOTENT GROUPS

G finite: G nilpotent if all of its Sylow p-subgroups are normal. That is, G =
[Ljic) S

Definition 9.1. G is nilpotent if it has a normal series G = Gy > ... > G, =1
where G;/Gi+1 < Z(G/Gi11) 0 < i < r — 1. Such a series is called a central
series. Observe that this implies the centre of G is non-trivial, by considering
Gro12G—1/Gr < Z(G/G,) 2 Z(G).

For example, G abelian implies G is nilpotent (take G = Gy > G; = 1). Also,
Dg = ((1234),(14)(32)), N = Z(Ds) = ((13)(24)), 1 is an example.

Definition 9.2. The minimum length of a central series of G is its nilpotency class.

For example, G abelian has ncl(G) = 1, ncl(Ds) = 2 and the quaternion group
order 8 has ncl(Qg) = 2. Note that nilpotent implies soluble. Yet, soluble does
not imply nilpotent. For Z(S,,) =1 for all n > 3. Ss is soluble since it has trivial
centre, so not nilpotent.

Lemma 9.3. Let G = Gy > ... > G, = 1 be a normal series (G; < G). It is a
central series iff [Gi, G] < Giqq for 0 < i <r.

Proof. G;/Giy1 < Z(G/Git1) iff [yGiy1,2Gi11] where y € G; and z € G iff

[y, 2]Gip1 = Gigr iff [y, 2] € Giyr iff [Gi, G] < Giyq. O

Lemma 9.4. All subgroup and factor groups of milpotent groups are nilpotent.
Further, G has ncl = r implies subgroups/quotients have ncl < r.
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Proof. G = Gy > ... > G, = 1 central series. Suppose S < G. Then take
S=85SNG=5>5>...>25 =1, 5 = SNG,. Is this central? Well,
S; < S since G; < G. Is [Si_l,S} < 5;7 Well, S;_1 < G;_1, S < G implies
[Si—1,5] < [Gi—1,G] < G Also, [S;—1,5] < S implies [S;—1,5] < SNG; = 5;

implies S has central series at length most r.
Suppose G/N factor group of G. Take O

For example, S,, for n > 3 is not nilpotent. S3 < S, for n > 3 and Ss is not
nilpotent. Remark: class of nilpotent groups is not closed under extensions. For
example, A; < S35 and S3/As nilpotent, but S5 is not.

Lemma 9.5. Direct product of a finite set of nilpotent groups is nilpotent.

Proof. H=Hy> ...> H. =1and K = Ko > ... > Ky = 1 central series.
If s < r implies we can extend with identity to get both same length. Now,
GG = H x K has central series G; = H; x K; for 0 < i < r. Claim: G; = H; X K,
[Hi X Ki,H X K] = [HZ,H] X [KZ,K} < Hi+1 X Ki+1 = G'H—l implies G has central
series. 0

Example 9.6. G; nilpotent group of class > i. G =[],y G direct product. If G
is nilpotent, implies ncl(G) = ¢. But G. C G and ncl(G.) > ¢, contradiction.

Lemma 9.7. G finite, assume Z(G/M) > 1 for every proper normal subgroup M
of G. Then G is nilpotent.

Proof. Define a sequence of subgroups of G; Zy =1, Z; = Z(G) < G, Z3 < G such
that Zy/Z) = Z(G/Zy), and so on. By hypothesis, if Z; < G then Z;1 > Z;. Also,
G finite implies Z,, = G for some n. U

Corollary 9.8. A finite p-group is nilpotent.
Proof. Z(P) > 1 for P finite p-group. O
Recall the Frattini argument; N <1 G finite, P € Syl,(N) implies G = Ng(P)N.

Theorem 9.9. Let G be finite. Then the following are equivalent.

(1) G is nilpotent.

(2) N¢(H)> H if H < G.
(

(

ery mazximal subgroup of G is normal.
(

) N
3) Ev
4) Every Sylow p-subgroup of G is normal.
5) G is isomorphic to product of Slow p-subgroups for p | |G]|.
Proof. (1) = (2)). Let H < G. Suppose G, < H and Gy_; < H. Then
[Gr—1,G] < Gy < H implies [Gy_1,H] < H implies Gj_1 normalises H and
Gr—1 # H.

((2) = (3)). Let M be proper maximal subgroup of G, Ng(M) > M implies
Ng(M) = G implies M < G.

((3) = (4)). Let P € Syl,(G). If Ng(P) < G, choose M maximal in G such
that M > Ng(P) implies by (3) that M < G. Also, P € Syl,(M), and so by
Frattini G = MNg(P) = M, a contradiction implying Ng(P) = G, and thus
P «adG.

((4) = (5)). In direct product section.

((5) = (1)). Direct product implies nilpotent group. O

Note. M < G and |G : M| = p prime implies M maximal proper subgroup of
G. But index of maximal subgroups need not be prime. For example, M =
((234),(34)) = S5 maximal subgroup of Sy and |G : M| = 4. But the Theorem
depending stronger result for nilpotent group.
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Lemma 9.10. G nilpotent, M mazimal subgroup of G implies M < G and G/M
has prime order.

Proof. M maximal subgroup of G, Ng(M) > M implies N < G. Since nilpotent
implies soluble, simply take G/M to be composition factor (which then we know
has prime order). O

Example 9.11. Z7® C C where p prime, take Z;° = {e% 0<m<p*,ne N}

group over complex numbers equal to {z eC ’ 2P = 1} (all p™-th roots of unity
as n ranges over N). This is the Prufer group, countable abelian group. Then
7 = (91,92, 93,--- | 97 = 1,95 = g1,95 = ga,...). Take H,, < Z2° cyclic subgroup

of Zp® with p™ elements, those whose orders divide p". This is the set of p"-th roots
of unity. Only subgroups % C p% C ... C Z;’, no maximal subgroup.

Definition 9.12. G has a lower central series if G = v1(G) > %(G) > ... >
Yr+1(G) = 1 where v,11(G) = [G,~:(GQ)], and has an upper central series G =
Z.(G) > ... > Zy(G) = 1 where Z;,(G)/Z;-1(G) = Z(G/Z;—1(@G)). Observe Z; =
Z(G), and %2(G) = G'.

Theorem 9.13. Lower and upper central series are central series.

Proof. Observe v(G) = [G,G] = G’ char in G. So, ; char G by induction. Also,
Z,—1 = Z(G) char in G, so Z; char G by induction. ;41 > [y, G] implies 7 is
central series. O

Example 9.14. Dg, Qs; find lower/upper central series. We have that Dg = v; =
Ga Y2 = G = <(173)(274)>a V3 = [727G] =1, and Dg = Z?a Zy = Z(DS)v Zy=1.

Theorem 9.15. G has a central series G =Gy > ... > G, =1. Then G,_; < Z;
and G; > i1 for 0 <i<r.

Proof. By induction; base case for ¢ = r is trivial, since G = Gy > Z,. Now,
suppose G,_; > Z; for some 0 < i < r. Then G,_;41 > Gr_; > Z; > Z;_1, so by
induction result follows. For base case i = 0, we get G = Gy > ~1. So, IH yields
G; > Y41 for some 0 < i <7, 50 Gi1 > Gi > Yit1 = 7Vit2, S0 by induction result
follows. |

Corollary 9.16. If a group is nilpotent, then its upper and lower central series
have the same length (called nilpotency class of G).

Proof. Suppose G has central series of length r. This series is of length as long as
upper/lower central series. But upper/lower central series are themselves central
series, there each is as long as the other, and hence equal in length. O

Example 9.17. G = Qg X Zo = <a7b,c | a? = b = (ab)2,c2 = [a,c] = [b,c] = 1>.

Take 71 = G, v = <a2>, v3=1and Zy =1, Z; = <a2,c>, Zy=G.
Note that the derived series and (v;) are different - and can have different lengths
(derived length can be much smaller).

Lemma 9.18. Let 1 # N < G be nilpotent. Then NN Z(G) > 1.

Proof. G is nilpotent implies G has upper central series G = Z, > ... > Zy = 1.
Let 1 # N < G. There exists minimal m such that N N Z,, # 1. Observe
INNZ,,Gl < NN[Zn,G] < NN Z,_1 = 1, implying N N Z,, is central and
1£4NNZ, < NNZG). O

Corollary 9.19. A minimal normal subgroup of a nilpotent group has prime order.
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Proof. N minimal normal subgroup of G implies N < Z(G) implies N is abelian
and also simple, so N has prime order. O

Note. Compare: finite soluble groups. Recall Klein V' has chief factor Zy X Zs.

10. THE FINITE SIMPLE GROUPS
Lemma 10.1. P finite simple p-group implies |P| = p prime.

Proof. 1 < Z(G) < P implies Z(P) = P implies P is abelian. P is simple, so
[Pl =p. O

Lemma 10.2. G finite p-group. Every composition factor and every chief factor
has order p.

Proof. We know from previous result that every composition factor has prime order,
and so clearly has order p. Every chief factor G;/G;+1 is minimal non-trivial normal
subgroup of G/G;11, and G/G;41 is nilpotent since it is a p-group, implying by
previous result G;/G;4+1 has prime order. O

Lemma 10.3. P finite p-group. P has a subgroup of indexr p and every such
subgroup is normal.

Proof. P > 1. Choose maximal normal subgroup N of P. There does not exist
M such that N < M < P. Hence, P/N is simple, and therefore |P: N| = p.
Given M < P, |P: M| = p, and Np(M) > M, implying Np(M) = P and thus
M < P. O

Lemma 10.4. FEvery maximal subgroup of finite p-group P is normal and has index
p.
Proof. H maximal subgroup of P. Np(H) > H, implying H <t P. Now, also have

P/H has no non-trivial proper subgroup by maximality of H, so P/H has prime
order. ]

Lemma 10.5. P finite p-group. Let N < M be normal subgroups of P. Then
there exists L <« P such that N < L < M and |L: M| =p.

Proof. Canonical homomorphism: ¢ : P — P/N. Let P = P/N and M = M/N.
M is non-trivial and M < P. Know ‘Z (P)n M’ > 1, therefore it contains some z

of order p. x is central and of order p, therefore L = (z) < P. Now, N C L and
LCM,so NCLCM.L< P implies L <P, and |L:N|=np. O

Corollary 10.6. P finite p-group of order p™. For every b such that 0 < b < n,
exists L <I P such that |L| = p°.

Proof. Induction on b. Trivial for b = 0. Assume b > 0. By IH, exists N < P s.t.
IN| = p*~!. Apply above lemma to produce L <1 P s.t. |L: N| = p. Therefore,
L] = p. O
Corollary 10.7. G finite. p* | |G|, where p prime, implies that there exists H < G
such that |H| = p°.

Question: given G and A, B < G with property P. When does AB or (A, B)
have property P?
Lemma 10.8. H < G if and only if H is a union of conjugacy classes.
Proof. (=) Observe H = |, y[x], since RHS clearly contains H, and by normal-
ity of H equality follows.

(<=)If H =, cylz], then g~ tag € [2] implies g~'xzg € H and normality easily
follows. 0

1
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Theorem 10.9. As is non-abelian simple.

Proof. Non-abelian: take z = (1,2,3) and y = (12)(34), then zy # yx. As has
conjugacy classes [1], [(1,2)(3,4)], [(1,2,3)], [(1,2,3,4,5)], [(1,3,4,5,2)] of sizes 1,
15, 20, 12 and 12, respectively. Thus, we find the only unions of these classes which
divide |A5| = 60 is taking union of all classes, and taking only trivial class. Hence,
As is simple by Lagrange and previous result. O

Lemma 10.10. n > 3. Every element of A,, can be written as a product of 3-cycles.

Proof. Every element of A,, can be written as a product of 2-cycles, say hihs ... haos.
Show product of 2 transpositions is a 3-cycle. h; = h; implies h;h; = 1. h; and h;
have one point in common, implies (a,b)(b,c) = (a,¢,b). h; and h; have no point
in common, then (a,b)(c,d) = (a,b,c)(a,d, c). O

Lemma 10.11. If H < G, then Cy(z) = Cg(x) N H for all z € G.

Lemma 10.12. The only normal subgroup of A, that contains a 3-cycle is A,
(n>3).

Proof. Let N < A,. Assume N contains a 3-cycle 7. Then n = 3 and n = 4
are trivial. Assume n > 5. N < A, implies N contains conjugacy class of
in A,. Aim to show that the conjugacy class of m in A, contains all 3-cycles
(implies N contains all 3-cycles and hence N = A,). Since n > 5, exists odd
permutation which centralises 7 (for example in S5, 7 = (1,2,3) and ¢ = (4,5)
then mo = om, where o € S5\ As). 7 has support (number elements moved) 3
implies exists 2 points distinct from 7 and distinct cycles commute. Therefore,
Cs, (m) > Ca, (m), and so Ca, (7) = Cg, (7) N A,. Hence, A, < A,C(S,)(7) < S,
(since A, normal in S,) implying A,,Cs (7) = S, by maximality of A,,. Conse-
quently, |Cg, () : Ca, (7)] = |Sn : Ap| = 2 implies |4, : Cya, (7)| = |5y : Cs,, (7).
Therefore, number of conjugates of w in A,, = S,, and so N contains all 3-cycles.
Thus, N = A,. O

Note. We ask given group order, what is the number of subgroups? If G has order

p™, then number of subgroups is approximately O (p%> . For orders 2, 22,23, ...,210,

they have 1,2, 5, 14, 51, 267, 2328, 56092, 10414291 and approximately 50 billion sub-
groups, respectively.

10.1. Characteristic subgroups. Let G be a group and S < G. Coreg(S) =
N e 59 <1 G, is the largest normal subgroup of GG contains in S. Take G finite and
S € Syl,(G). Define Oy(G) := Coreg(S) =, e 59 = 1SyL(G).

Proposition 10.13. If G finite, S € Syl,(G) and N < G, then SN N s a Sylow
p-subgroup of N.

Proof. Suppose K is a Sylow p-subgroup of N. By Sylow’s second theorem, exists
g € G such that K < g71Sg. Hence, K < g~1SgN N, and by normality of N easy
follows that K < g=1(S N N)g (and so result follows). O

Theorem 10.14. O,(G) contains every normal p-subgroup of G. It is the largest
normal p-subgroup of G and is characteristic in G.

Proof. Take p-group N <1 G. Then SNN € Syl,(N). But N is a p-group, therefore
N=SNN<S Bu N <G, so N=N9 <89 for all g € G. Therefore,
N CNyecS? = O0p(G). Therefore, O,(G) contains every normal p-subgroup of
G. d

geG

Note. Uniqueness important for characteristic, since image must have same prop-
erty.



GROUP THEORY 41

Definition 10.15. The Fitting subgroup of a finite group G is the product of
the subgroups O,(G) where p runs over II = {r | r prime and divides order of G}.
Define Fit(G) := [, .y Op(G). Claim: This is a direct product, since intersection
is trivial.

p€Ell

Proposition 10.16. Fit(G) is nilpotent. It contains every normal nilpotent sub-
group of G. It is characteristic in G.

Definition 10.17. G finite group. Rad(G) is the largest normal soluble subgroup
of G.

Proposition 10.18. Rad(G) is characteristic in G, and contains every normal
soluble subgroup of G.

Theorem 10.19. A, is simple n > 5.

Proof. By induction on n. n =5 done by conjugacy classes. Now, n > 6 and N <
A, we claim N contains element which fixes some i € {1,...,n}. Suppose every
non-identity element of N has no fixed points. Let # € N. Then 7 : 1 — a where
a # 1. Choose b, c such that b +— ¢ and b # ¢. Since n > 6, exists d,e # 1,a,b,c.
p = (1,a)(b,c,d,e) € A,. Observe p~! = (1,a)(b,e,d,c). Since N <1 A,,, prp~t €
N and pmp~t(a) = 1 and prp~(c) = d. So, prp~in(1) =1 and prp~tn(b) = d,
implying pmp~ 7 is a non-identity element fixing 1 (a contradiction). So, claim
follows and hence exists element of N which fixes integer 7.

Now, let A; be the subgroup of A, which fixes 4, implying A; = A,_; and
A; < A,. Therefore, N; = NN A; < A; is simple by IH, implying N = 1 or A;.
But N contains non-identity element which fixes 7, so N; # 1 implying N; = A;.
Therefore, A; < N < A,,. Since A; = A,,_1, A; contains a 3-cycle, so N contains a
3-cycle, and therefore N contains all 3-cycles. Thus, N = A,,. U

Corollary 10.20. The only normal subgroups of Sy, are 1, A,, S, forn >5.

Proof. Let N < S,, implying NN A, < A,, and therefore NNA, = A, or NNA, =
1. I NnA, = A,, then A,N = S, or A,N = A,. If NN A, = 1, then
IN| < |Sp : An| = 2. Either [N| =2 or |[N| =1. If [N| = 2, implies N is a minimal

normal subgroup of S,, and N < Z(S,,). But Z(S,) =1,s0 N = 1. O
Lemma 10.21. K < G and |K| = 2 implies K < Z(G).
Proof. If K = (k), then k9 =k for all g € G, so k € Z(G). O

Corollary 10.22. S, is insoluble for n > 5.

Proof. Composition series is S,, > A,, > 1, where S, /A,, 2 Zs and A, /1 = A, and
since A, non-abelian we are done. Alternatively, assume S,, soluble which implies
A, soluble. But A, is perfect (i.e., [A,, A,] = A,), so no derived series implies A,
insoluble. [l

Corollary 10.23. Only subgroups of S, of index < n is A,.
Note. Ay is the smallest non-abelian simple group.

Theorem 10.24. (Burnside) |G| = p®q® where p,q primes and a,b € N implies G
is soluble.

Theorem 10.25. (Classification; Aschbacher, Gorenstein, Solomon). G is finite
simple, then either

(1) G is cyclic of prime order.
(2) G= A, forn>5.
(3) G is one of 16 families of groups.
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(4) G is one of 26 sporadic groups.

Note. For (3), G = SL(n,F,) n > 2 and F, finite field size ¢q. Also, Z(G) has
size ged (n,q — 1) and G/Z(G) = PSL(n,q) (except for n = 2 and ¢ = 2 since
GL(2,2) = S3 = D3 = S1,(2,2) = PSL(2,2); n = 2 and ¢ = 3 is also an exception,
as it is group of order 12 and soluble). Also get Fg(q), where for ¢ = 2 get 248 x 248
matrices.

The Sporadic groups (by Mathieu) has Mj1, Mi2, Moo, Mog, Moy and others,
where Mj; has order 7920 (orders increasing). We have B and M as groups,
where M is called the monster, and consists of approximately 10°3 elements of
196482 x 196482 matrices over GF(2).

Theorem 10.26. (Odd Order Theorem; Feit and Thompson (1963)). G non-abelian
simple implies |G| is even.

Does composition factors of G have property?

11. GROUP CONSTRUCTIONS

11.1. Semidirect products. G is a semi-direct product if there exists N, H < G
such that

(1) NG

(2) NH=G

3) NnH=1
and we say H is complement to N in G. We write G = N x H. This also means G
is a SDP of N by H, G splits over N and G is a split extension of N by H.

Example 11.1. S5 = (a,b | a®,b*,a® = a™'). Then S5 xZy = (a) x (b). Also have
ZG = Zg X Zs.

For Doy, = Zp X Zy = {(a,b | a",b* a® = a™') = (a) x (b).

Qs is not semi-direct product (quaternion group of order 8). Observe Qg #
(group of order 4) x (group of order 2), since Dg has 5 elements of order 2 yet Qs
has 1 element of order 2. So there does not exist H such that N N H = 1 where
|H| =2, since Z(Qs) = Cy and so any group of order 4 must contain H (since only
one element of order 2).

DGZZSXIZQ andZ6:Z;3><Zg.

Lemma 11.2. G = N x H. Forh € H, 0, : N — N defined by 0}, : n +— n" is
an automorphism of N, i.e., 0, € Aut (N). The map 6 : H — Aut (N) defined by
0 : h— 0y is a homomorphism.

Note. We use n" := hnh™".
Proof. N <1 G implies n" € N. 6, is a HM:
0 (ning) = hninah ™' = hnih ™ hngh ™! = 6, (n1)6 (n2).

0y, is one-to-one 6p(n;) = 6(n2) implies n; = ny and also 6, is onto since
0n(h~'nh) = n. Hence, 0), € Aut (N).
0 is a HM:

0(hih2)(n) = hihan(hihs) ™" = 0(h1)0(h2)(n).
O

Lemma 11.3. N < G, H complement to N in G. FEvery g € G has a unique
expression g = nh where n € N and h € H.

Proof. G = NH implies ¢ = nh. If ¢ = nih; then nh = njh; has nfln =
hih~! where LHS in N and RHS in H, but intersection is trivial (N N H = 1), so
representation is unique. (]
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Definition 11.4. Given N, H, 0 : H — Aut (N) and h +— 0}, define G = N x¢g H
to be the set of ordered pairs (n,h) with n € N and h € H with operation -

(n1,h1) - (n2, ha) = (n16p, (n2), hiha),

called semi-direct external product.

Theorem 11.5. (G,:) is a group. Furthermore, Ng = {(n,1) |n € N} < G and
Hy={(1,h) | h € H} < G where Ny =2 N and Hy = H. Finally, G = Ny x Hy.

Proof. Closure, associativity both hold. For the identity element, simply take (1, 1),
such that

(n7h) ’ (1’ 1) = (neh(l)vh) = (Tl,h) = (91(71), h) = (17 1) : (TL, h)
Also obtain
(n,h) - (9;1(n_1,h_1)) = (n9h9;1(n_1),1) = (nn_l,l) = (1,1),

so GG is a group.
Now, (1,h1)- (1, he) = (1, hihe) implies Hy < G. Furthermore, (1, h) — h yields
Hy~ H.

Similarly, (n1,1)(ng,1) = (n1n2, 1) implies Ny < G and Ny = N.
Observe (n,h) = (n,1)(1, ) implying G = NoHy. Furthermore, Ng N Hy = 1,
and notice
(n,h)(n1, 1)(n,h) "' = (n2,1) € N,
so N <1 G, and thus G = Ny x Hy. O

We say G realises as SDP N, H 6 : H — Aut (N).

11.2. Automorphisms (of cyclic groups).

Lemma 11.6. G = (z) = Z,, for some n € N. Let o,,, be the endomorphism of G
sending x to ™. Aut (G) = {om | m # 0 and ged (m,n) = 1}.

Corollary 11.7. p prime, Aut (Z,) has order p — 1. Aut(Z,) is cyclic of order
p—1.

Example 11.8. Z5 = (z | 2° = 1). Aut(Zs) has z — 2" for i € {1,2,3,4}.
d copies

———
Theorem 11.9. E = C, x ... x C,, elementary abelian group of order p®. Then
Aut (F) 2 GL(d, p).

Proof. Identify E with V = GF(p)d, d-dimensional vector space over GF(p). Then
z-y—~x+yand 2% — a-x. O

11.3. External SDP.

Example 11.10. N, H, 6 : H — Aut (N) take h — id aut of N such that (ny, ha)-
(nz,hg) = (nlng,hlhg), implying G=N A H=NxH.

Example 11.11. N =Z3 = (y | y* =1), H = Zy = (x| 2® = 1); consider Nxy
where 6 : H — Aut (N). Can take 6, = id so y — y (such that 6, is an element of
order 1), and 6, = inv so y — y~* (such that 6, is an element of order 2). Can define
hi0q or h—0y. {(y,,2) |y € Nyx € H}. (y1,71) - (y2,22) = (¥10a(y2), x122) or
(y10b(y2), z122), which is (y1y2, x122) or (ylygl,xla:g) respectively. For 6,, obtain
abelian group of order 6 implying Zs X Zs, and for 8, obtain non-abelian group of
order 6 (implying isomorphic to S3). Note this is because we get (y1, 21)(y2, x2) #
(y2,x2)(y1, 1) in general for 6.
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Example 11.12. N = (n|n®=1), H = (h|h*=1), 6 : H — Aut(Z3), 6 :
h + 0, where |h| = 2 implying |05 = 1 or 2. As 0 : H — Aut(N) and
Aut (N) = Z,, follows we only have inverse and identity automorphism. For
identity, we get G; = <n,h |n3 =1,n% =1,n" :n> > Zs3 X Zo, and for Gy =
<n,h |n3 =1, =1,n" = n*1> >~ S.

Example 11.13. N =Z3 = (n|n® =1), H = (h | h* = 1). Then (n, h | n® h3,n"
Z3 X Zg.

Example 11.14. N = Z5 = <x|x5 :1>, H =175 = <h|h2 = 1>. Then we
have 6, : x — z, 0 : © — 22, 03 : © — 23, 04 : © — z~!, which have orders
1, 4, 4, 2, respectively. Since h has order 2, h +— 6; or 6, only valid options, so
G; = <n7h | n® nt = 9l(n)> where G4 = Gs5.

Example 11.15. N = (n|n? =1), H = (h| h?=1) with p,q distinct primes
and assume p > ¢q. Then we get Cp, x Cy; q | p— 1 implies exists non-trivial HM
6 : H— Aut (N) with C), xg Cj,.

Example 11.16. Dg = Z4 X Zs where N := (a) = Zy and H := (h) = Zs.
Then Aut (N) has identity and inverse automorphisms; if you take 6 : H —
Aut (N), h — id we get <a,h | a*, h? a" = a>. If you take h — inv aut, then
<a,h | a*, h? a" = a_1>.
Example 11.17. Dg = (Zy X Zg) % Zy with Zy x Zo = {(a,b | a®> = b* = [a,b] = 1)
and Zy = (x| 22 =1). So, N = Zy x Zj yields Aut (N) = GL(2,2) = S3, where
automorphisms of Aut (N) correspond to identity matrix I, <(1) (1))7 (é i), and
10
1 1
Taking the identity:

(a,b,x | a® =0 = 2* =1, [a,b] =1,az=a1b0:a,bx:a0b1:b>%ZQ X Lo X Lo

and taking ((1) 1)

<a,b,x | a® = b* = 2% = [a,b] = 1,a" = a'b* = ab,b* = a"b* :b>.

which are the elements of GL(2,2) of order dividing 2.

11.4. Groups of order 12. We have Z, X Z3 and Zs X Zs X Zs3 as the abelian
groups of order 12 (follows from fundamental theorem of finite abelian groups).
For the non-abelian finite groups of order 12, we claim that there are only three:
Ay, Digand T = (a,b|a® =1,b2 = a® = (ab)?). Assume G is a finite non-abelian
group of order 12, and that G 2 A4. Then G has a Sylow-3-subgroup P, of index
4. If we assume K is not normal, then we may consider the action of G on the
(right) cosets of K; since the kernel of the action is Coreq(K) and we assume K
not normal, follows that the kernel is trivial (i.e., map is 1-to-1). But K has order
3, and so obviously image a 3-cycle, implying G = A,, a contradiction. Now, K is
normal. Take P to be a Sylow 2-subgroup of G, which has order 4 and index 3 (and
consequently maximal). Then KNP =1, and KP = G, giving us G = K x P.
Now, P = Zy or P =7y X Zsy. If P = 7y X Zso, we consider x,y to be generators
of P so that 6, is the inverse automorphism and 6, is the identity automorphism.
Then s = (n?,y) and t = (n, ) satisfy the relations of Do, i.e., (s,t | s% ¢, stst).
On the other hand, if P = Z,, we consider z to be the generator of P so that 6, is

the inverting automorphism, and choose s = (a2,x2) and ¢t = (1,2) which satisfy

the relations of T’ with <s,t |s6 =112 =53 = (st)2>.
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11.5. Holomorphs and affine groups.

Definition 11.18. N, H := Aut (N). Then take Hol (N) = N x9 H to be the
holomorph of N, with 6 the identity automorphism.

Example 11.19. N = Zs3, H := Aut (Z3) = Zy. Then 6y :n+— nandfy : n+— n=*
such that [Hol (N)| = 6. Observe

(n, 92)(’17/2, 91) = (n27 92)
and
(n?,61)(n,02) = (1,6),

implying Hol (V) is non-abelian of order 6, and consequently isomorphic to Ss.

F field, V = F™ vector space of 1 x n row vectors over F. Given A € GL (n, F),
b€ F*. Define Typ : V — V by v — Ax +b. Then Tap = Tay if and
only if A= A’ b =10". These maps T4, are the affine linear transformations of
14 AGL(?’L,F) = {TA,b | A € GL (n,F),b S Fn} Define TA,b : TC,d = TAC,bC+d7
which is a group under operation -. Note (TA,b)_1 = Tp-1,_pa-1. Define ¢ :
AGL(V) — GL(V). Tap — A; ¢ is an epimorphism onto GL(V') where ker ¢ =
{Try | b€ Fr}. Observe AGL(V) > T(V) = ker¢ implying 23557 = GL(V).
Furthermore, AGL(V) = T(V) x GL(V). Every affine linear transformation is
composed of a linear transformation followed by a translation 77 ;. Note AGL(V) =
V x GL(V).

|F| = n, V rank n implies V' isomorphic to elementary abelian group E of order
p". V x GL(V) — Hol(V) where GL(V) = Aut(E). V = GF(p"), Aut (V) =
GL(V) 2 GL (n, F'). AGL(V) = Hol (V), so |AGL(n, F')| = p"|GL (n, F')|.

Example 11.20. V = Zy X Zy = F3 where Aut (V) = GL(2,2,%)S; and so
AGL(2,2) = Hol (Vy) (where V; klein-four-group) implying Hol (V) = V4 x S3 (a
group of order 24).

Example 11.21. N = <TL1,TL2 ‘ n% = TL% = [nl,ng] = 1> = Z2 X ZQ. Let

H = (haha | B3 = b = LHG = h3') = 85,

where h) = (} (1)> and hy = ((1) 1) Using the matrices, obtain n{"l = nq,

ni““ =n, n'Q“ = ning, nSQ = nins. Now, let R be the relators of those found in NV
and H, and also those from the matrix. Hence, Hol (Zs X Z3) = (n1,na, h1, hs | R),
which is isomorphic to Sy.

11.6. Wreath product. Given group G and H < Sym(n). Define N = G x
. X G (n copies) and 0 : H — Aut (N) with h — 6, where 0,((g91,.-.,9n)) =
(g1n,. .., gnn) and 1" is image of 1 under h and so on. Claim: 6, € Aut (N).

Definition 11.22. W := N xy H. We say W is a wreath product of G by H.
N =G x ... x G is the base of wreath product.

Say |G| = m, |[H| = n. Then [W| =m" - n.
May also say W := N x H = G pwr H = G H, but note different to G wr H
(will define later).

Example 11.23. G = Zy, H = Z < Sym(2) with G = (z |2? =1) and H =
((1,2)). What is GtH? Well, |GV H| = 22x2 =8. N := GxG{(1,1),(1,2), (z,1), (z,2)}
and H = {hy =1id, ho = (1,2)}. Then 65, : (1,2) — (2,1), so 0,(g1,92) = (g2,91).
Note 6y, fixes (1,1), (z,x) and swaps (1,z) and (z,1). N = Zy X Z2, H = Zs. So,

((Lx)vh)z = ((1,x)9h((1,$>),h2) = ((1,3’:)(3’:, 1)? 1) = ((ﬂf,l‘), 1)7
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where a = ((1,z),h) has order 4 and b = ((1,1),h) is of order 2 and a® = a~*
implying N x H = <a,b | a*, 0%, b7 tab = a_1>. Thus, W = Zs 1 Zy = Dsg.
Example 11.24. G = Zo, H = S3 = ((1,2,3),(1,2)). What is Gt H? Well,
N=GxGxG, W:=NxHso |W|=236=48.

Example 11.25. G = Z5 and H regular representation of H (from Cayley’s theo-
rem). H = ((1,2,4),(3,6,5),(1,3)) < Sym(6). GIH? N =G X ... x G (6 copies),
with |W| = |G|°|H| = 26 x 6. Written G rwr H and G wr H means to take regular

representation. If H is cyclic, then the two coincide. That is, does not matter if we
take regular or other permutation groups (so can take (1,...,n)).

Example 11.26. G = Zy and H = Z3 = {((1,2,3)) then |GUH| = 2% -3 but
|[H G| =3?-2,50 S is not commutative.

11.7. Iterated wreath products. Cj ! C, where |W| = p? - p = pP™1. We may
then consider iterating, i.e., next would be (Cp ¢ C,)1C,, where [W| = (pP™1)" . p =
pP L So, 1,C), has [W| = p"®) where r(k) = pF L 4+ pF 2 4. 4 p+ 1.
Lemma 11.27. Let p"™ be the highest power prime p dividing (p™)!. Then r(n) =
P24 4 p+1 [r(n) =p" 1t +r(n— 1)]

Proof. (p")!'=1-2...p". Contribution to r(n) comes from p, 2p, ..., (p — D)p, ...,
p". There are p”~! such terms of the p”~!, a total of p»~2 terms are divisible by
p? of the p"~2 so p"~3 by p3, and hence r(n) = p"~! + ...+ 1. O
Corollary 11.28. G = Sym (p"), S := Sylow p-subgroup of G, then |S| = p"(").
Example 11.29. G = Ss. Then [Syl, (2)G| = 27 +2+1 = 128.

Theorem 11.30. Let p be prime, k € N. Syl, (Sym (pk)) is the k-fold iterated
wreath product of C,,.

Proof. Show that ,C, < Sym (p*). Base case: k=1, C, = ((1,...,p)) < Sym (p).
Suppose claim is true for k. Let P = Sym (pk+1), A = Sym ( k). Take p copies of
A acting on disjoint sets

{1,...,pk},{1+pk7...,2pk},...,{(p—l)pk—i—l,...,pk“}.

Since copies of A act on disjoint sets on support (points which A acts on ) of P,
p

—_——~
therefore they commute. N :=[[}_ A< P, Ax...x A<P.

Define h := ka (i,i4+p*i+2p%,...,i+ (p—1)p*) € P where H < (h) < P.
H acts to permute the copies of A. Let G = N x H < P, claim Syl, (G) =
Syl, (N) x Syl (H). Therefore, Syl, (G) = (%Cp)" x Cp = % 41C, < Sym (pFt)
by TH. 0

Lemma 11.31. Suppose G = N x H. Then Syl, (G) = Syl,, (N) x Syl,, (H).
Proof. O

Corollary 11.32. Let p be a prime, n € N. Let n = Zf:o a;pt 0 < a; <p-—1.
Each Sylow p-subgroup of Sy, is a direct product T x Ty? x ... x Tg*, T; = ,Cy
is Sylow p-subgroup of Sym (p’)

Proof. Calculate powers p dividing n! number of integers between 1 and n divisible
n 3

by p is L;J. The number of these elements by p? is U—QJ implying p™ | n where

m = VJ + {ﬂJ + L’%J + ..., therefore

P p?

mz(al—i—agp—l—...—i—akpk_l)—l—(agp—i—...—i—akpk_z)—i—...,
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and so m = a; + as(p+1) + a3 (p2 +p+ 1) + .... Therefore, p™ is the order of
T x Ty? 4+ x ... x T\'*. Now, we show S, has a subgroup isomorphic to [[7;"". As
in theorem, divide set with n elements into disjoint subsets (where a; size p’ maps
to ;Cp for 0 <4 < k, and proof follows similar way. O

Example 11.33. S5, n=5p=2,5=1-204+0-2' +1-22 so get Syl,(Sym (4))
giving us Cy 1 Cs = Dy

Example 11.34. G = Sym(10), 10 = 1 x 2 + 1 x 23 where we get Zy from
the ‘2" and Syl,(Sym (8)) = 13Z9 from the ‘23’. Hence, get Zo x (13%2). Now,
ISyly(G)| = 2 x 27 = 28. Claim Syly(G) = C31C5. Well, 10 =1 + 1 x 3% where we
get Sylg (Sym (32)) = (C51C5.

Example 11.35. S34, Syl3(S34)? Well, 34 = 14+ 2 x 3+ 1 x 32, so we get two
copies of C3 and one copy of 13C3. So, S := (03)2 x (13C3) with order 31°.

11.8. General construction of wreath product. G, H, want G! H. G acts on
A and H acts on . So, G H acts on A x Q.
Given g € G, w € Q we define g* of A x Q as follows: for (\,w’) € A x Q define

. JW) W =w;
Yl W # w.

Observe g} (¢')., = (9¢'), where g, ¢’ € G. Hence, G}, = {g}, | g € G} < Sym (A x Q).
The map G — G, defined g — g is an isomorphism (i.e., G =2 G, w € Q). For
h € H, define permutation 2* of A x Q by h*(A\,w) = (\,w"). H* ={h* | h € H},

H* < Sym (A x Q). Map H — H* by h — h* is an isomorphism, so H = H*.

Theorem 11.36. G acts on A, H acts on finite set Q. GV H =2 W where W :=
(G, H* |w e Q) < Sym (A x ).

Note. Want to show W =N xH, N=G x...G where N W, NH =W.

Proof. K* = (U,cq Gh) = [ueq Gi direct product. Gy, centralises G}, for all
w # ' implying G* < K*. K* <« W: h*g(f)(h*)f1 = grh (claim), implying
(K" < K* so K* 9 W = (K*, H*).
Now, we check K* N H* = 1. g*(\,w’) fixes second component and h*(\,w’)
fixes first component so element common to both K*, H* must be (1,1).
Therefore, W = K* x H*. Define isomorphism from ¢ : GV H — W by
(9w)weah + (g5)h* where ¢ is an isomorphism. O

Note. G x ... x G |9 times.

Example 11.37. G = Zy = ((1,2)) and H = Zy = ((3,4)) where A = {1,2}
and Q = {3,4}. Then A x Q = (a=(1,3),b=(2,3),¢=(1,4),d = (2,4)). Let
g=(1,2) and w = 3. Then ¢* : (1,3) — (19,3) = (2,3), (2,3) — (29,3) = (1, 3),

)
(1,4) — (1,4), (2,4) — (2,4). That is, g5 = (a
w=4 (1,3) = (1’3), (2,3) = (2,3), (1,
(¢c,d).

= (274)7 (274) = (174) SO gz =

Now, h = (3,4) so h* : (2,3) — (2,4), (1,4) — (1,3), (2,4) = (2,3), (1,3) —
(1,4). Therefore, h* = (a,c)(b,d). W := (G%,G5, H*) = (95, 95,h*) and so W =
{(a,b), (¢,d), (a,c)(b,d)). Therefore, W =1{((1,2),(3,4),(1,3)(2,4)) = Ds.
Example 11.38. G =C5 = ((1,2)) A ={1,2} and H = S5 = ((3,4,5),(3,4)) 2 =
(3,45} Ax Q= {a=(13)b= (2,3),c= (L4),d = (2,4),¢ = (1,5), f = (2,5)}.
Let ¢ = (1,2) and w = 3. Then g5 where (1,3) — (2,3) and vice versa fixing
all others so get (a,b). For w = 4, get (¢,d) and w = 5 gets (e, f). Now, con-
sider h = (3,4,5). Get (1,3) — (1,4) — (1,5) and (2,3) — (2,4) — (2,5) so
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get (a,c,e)(b,d, f). For h = (3,4) get (1,3) — (1,4) and (2,3) — (2,4) so get
(a,c)(b,d).

CoxCoxCo permute the copies

W=GiH = <(aab), (¢,d), (e, f), (a,c,e)(b,d, f), (a,C)(b»d)>~

Hence, |W| = |G|"|H| =86 = 48.

Example 11.39. H < Sym (6) H = ((3,5,7)(4,6,8), (3,6)(4,7)(5,8)) @ = {3,...,8}
with GV H < Sym (12). So, |GV H| = |G|"|H| = 2° - 6 = 384.

Note. C5 wreath product with the Prufer group infinite group.
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